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Abstract. We give several related versions of global Grothendieck Duality 
for unbounded complexes on noetherian formal schemes. The proofs, based on 
a non-trivial adaptation of Deligne's method for the special case of ordinary 
schemes, are reasonably self-contained, modulo the Special Adjoint Functor 
Theorem. An alternative approach, inspired by Neeman and based on recent 
results about "Brown Represcntability," is indicated as well. A section on 
applications and examples illustrates how our results synthesize a number of 
different duality-related topics (local duality, formal duality, residue theorems, 
dualizing complexes,. . .). 

A fiat-base-change theorem for pseudo-proper maps leads in particular to 
shcafified versions of duality for bounded-below complexes with quasi-coherent 
homology. Thanks to Greenlees-May duality, the results take a specially nice 
form for proper maps and bounded-below complexes with coherent homology. 
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1. Preliminaries and main theorems. 

First we need some notation and terminology. Let X be a ringed space, i.e., a 
topological space together with a sheaf of commutative rings Ox- Let A(X) be the 
category of Ox-modules, and A qc (X) (resp. A C (X), resp. As(X)) the full subcat- 
egory of A(X) whose objects are the quasi-coherent (resp. coherent, resp. lim's of 
coherent) Ox-modules. 1 Let K(X) be the homotopy category of .4(X)-complexes, 
and let D(X) be the corresponding derived category, obtained from K(X) by 
adjoining an inverse for every quasi-isomorphism (= homotopy class of maps of 
complexes inducing homology isomorphisms). 

For any full subcategory A._.(X) of A(X), denote by D .(X) the full subcat- 
egory of D(X) whose objects are those complexes whose homology sheaves all lie 
in A.,.(X), and by D+(X) (resp. D7.(X)) the full subcategory of D...(X) whose 
objects are those complexes F £ D .(X) such that the homology H m {F) vanishes 
for all in <C (resp. m ^ 0). 

The full subcategory A_._(X) of A(X) is plump if it contains and for every ex- 
act sequence Mi — > M2 — > M — > 7W 3 — > M4 in -4(X) with Mi, M2, M3 and M 4 
in .4 ...(X), .M is in .A...(X) too. If .4 (X) is plump then it is abelian, and has a 
derived category D(„4 . (X)). For example, -4 C (X) is plump |GDI p. 113, (5.3.5)]. If 
X is a locally noetherian formal scheme, 2 then »4j(X) C „4 qc (X) ('Corollary 13. 1.5fl — 
with equality when X is an ordinary scheme, i.e., when Ox has discrete topology 
[GDI p. 319, (6.9.9)] — and both of these are plump subcategories of „4(X), see 
Proposition 13.2.21 

Let Ki, K2 be triangulated categories with respective translation functors 
Ti, Ti Hf| p. 20]. A (covariant) A-functor is a pair (F, 0) consisting of an additive 
functor F: Ki — > K2 together with an isomorphism of functors 8 : FTi T2F 
such that for every triangle A — B — > C -—t T\A in Ki, the diagram 

FA FB FC T 2 FA 

is a triangle in K2. Explicit reference to is often suppressed — but one should 
keep it in mind. (For example, if A.._(X) C A(X) is plump, then each of D (X) 
and (X) carries a unique triangulation for which the translation is the restriction 
of that on D(X) and such that inclusion into D(X) together with :=identity is a 
A-functor; in other words, they are all triangulated subcategories of D(X). See e.g., 
Proposition 13.2.41 for the usefulness of this remark.) Compositions of A-functors, 
and morphisms between A-functors, are defined in the natural way. 3 A A-functor 
(G, 'J) : K2 — * Ki is a right A-adjoint of (F, 0) if G is a right adjoint of F and 
the resulting functorial map FG 1 (or equivalently, 1 — > GF) is a morphism of 
A-functors. 

We use R to denote right-derived functors, constructed e.g., via K-injective 
resolutions (which exist for all _4(X)-complexes Sp; p. 138, Thm. 4. 5]). 4 For a 



"lim" always denotes a direct limit over a small ordered index set in which any two elements 
have an upper bound. More general direct limits will be referred to as colimits. 
Basic properties of formal schemes can be found in [GDI Chap. 1, §10]. 
3 See also IDel §0, §1] for the multivariate case, where signs come into play — and A-functors 
are called "exact functors." 

4 A complex F in an abelian category A is K-injective if for each exact ^4-complex G the 
abelian-group complex Hom^(G,-F) is again exact. In particular, any bounded-below complex of 
injectives is K-injective. If every ,4-complex E admits a K-injective resolution E — > 1(E) (i.e., 
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map /: X — > Y of ringed spaces (i.e., a continuous map /: X — > Y~ together with 
a ring-homomorphism Oy — > f*Ox), L/* denotes the left-derived functor of /*, 
constructed via K-fiat resolutions |Sp| p. 147, 6.7]. Each derived functor in this 
paper comes equipped, implicitly, with a making it into a A-functor (modulo 
obvious modifications for contravariance), cf. |L4I Example (2. 2. 4)]. 5 Conscientious 
readers may verify that such morphisms between derived functors as occur in this 
paper are in fact morphisms of A-functors. 

1.1. Our first main result, global Grothendieck Duality for a map /: X — > y 

of quasi-compact formal schemes with X noetherian, is that, D(_4^(X)) being the 
derived category of Ae(X) and j : D(^4g(X)) — > D(X) being the natural functor, the 
A-functor R/*oj has a right A-adjoint. 

A more elaborate — but readily shown equivalent — statement is: 

Theorem 1. Let f: X — > y be a map of quasi-compact formal schemes, with 
X noetherian, and let j: D(^4g(X)) — > D(X) be the natural functor. Then there 
exists a A-functor f x : D(y) — * D (As(X)) together with a morphism of A-functors 
t : Rj*j/ X ~~ * 1 smc/i that for all Q € D(^4g(X)) and g D(y), i/ie composed map 
{in the derived category of abelian groups) 

RHom^ (x) (S, r-T) RHom^R/.S.R/,/*^) 

RHom*t (y) (R/*£,JF) 

is an isomorphism. 

Here we think of the ^(X)-complexes C? and / X JF as objects in both D(_4.g(X)) 
and D(X). But as far as we know, the natural map Honirj(.4 ? (x)) ~^ Homrj(x) need 
not always be an isomorphism. It is when X is properly algebraic, i.e., the J-adic 
completion of a proper B-scheme with B a noetherian ring and J a £?-ideal: then 
j induces an equivalence of categories D(_4^(X)) — * D^(X), see Corollary 13.3.41 So 
for properly algebraic X, we can replace D(As(X)) in Theorem 1 by Dg(X), and 
let Q be any ^4(X)-complex with ^4j(X)-homology. 

We prove Theorem.n](= Theorem 14. 1(1 in 21 adapting the argument of Deligne 
in |H1I Appendix] (see also [Del §1.1.12]) to the category As(X), which presents 
itself as an appropriate generalization to formal schemes of the category of quasi- 
coherent sheaves on an ordinary noetherian scheme. For this adaptation what is 
needed, mainly, is the plumpness of As(X) in A(X), a non-obvious fact mentioned 
above. In addition, we need some facts on "boundedness" of certain derived functors 
in order to extend the argument to unbounded complexes. (See section 1^41 which 
makes use of techniques from |Sp| .) 6 



a quasi-isomorphism into a K-injective complex 1(E)), then every additive functor T: A — * A' 
(A' abelian) has a right-derived functor RT: D(A) -> 0(A') which satisfies RT(E) = T(I(E)). 
For example, RHom^ (Ei , E 2 ) = Kom' A (Ei, I(E 2 )). 

^We do not know, for instance, whether L/* — which is defined only up to isomorphism — can 
always be chosen so as to commute with translation, i.e., so that © = Identity will do. 

A-functor <f> is bounded above if there is an integer b such that for any n and any complex € 
such that H l £ = for all i < n it holds that H^cpS) = for all j < n + b. Bounded below and 
bounded (above and below) are defined analogously. Boundedness (way-outness) is what makes 
the very useful "way-out Lemma" IH1I p. 68, 7.1] applicable. 
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In Deligne's approach the "Special Adjoint Functor Theorem" is used to get 
right adjoints for certain functors on Aq C (X), and then these right adjoints are ap- 
plied to injective resolutions of complexes. . . There is now a neater approach to dual- 
ity on a quasi-compact separated ordinary scheme X, due to Neeman NT , in which 
"Brown Representability" shows directly that a A-functor F on D(„4 qc (X)) has a 
right adjoint if and only if F commutes with coproducts. Both approaches need 
a small set of category-generators: coherent sheaves for A qc (X) in Deligne's, and 
perfect complexes for D(.4 qc (X)) in Neeman's. Lack of knowledge about perfect 
complexes over formal schemes discouraged us from pursuing Neeman's strategy 
Recently however (after this paper was essentially written), Franke showed in Fe 
that Brown Representability holds for the derived category of an arbitrary Grothcn- 
dieck category A. 7 Consequently Theorem^also follows from the fact that As(X) 
is a Grothendieck category (straightforward to see once we know it — by plump- 
ness in „4(X) — to be abelian) together with the fact that R/*oj commutes with 
coproducts (Proposition 13 . 5 . 2"|) . 

1.2. Two other, probably more useful, generalizations — from ordinary schemes 
to formal schemes — of global Grothendieck Duality are stated below in Theorem [3 
and treated in detail in SjHl To describe them, and related results, we need some 
preliminaries about torsion functors. 

1.2.1. Once again let (X, Ox) be a ringed space. For any O^-ideal J ', set 
FjM := lim Hom 0x (O x / J r \ M) (M € A(X)), 

and regard Fj as a subfunctor of the identity functor on C^-modules. If M C M. 
then FjM = FjM. DAf; and it follows formally that the functor Fj is idempotent 
(FjFjM = FjM) and left exact [SB p. 138, Proposition 1.7]. 

Set Aj{X) :— Fj(A(X)), the full subcategory of A(X) whose objects are the 
J-torsion sheaves, i.e., the Ox-modules M. such that FjM. = M.. Since Fj is 
an idempotent subfunctor of the identity functor, therefore it is right-adjoint to 
the inclusion i — ij: Aj(X) <—* A(X). Moreover, Aj(X) is closed under A(X)- 
colimits: if F is any functor into Aj(X) such that iF has a colimit M. e A(X), 
then, since i and Fj are adjoint, the corresponding functorial map from iF to the 
constant functor with value M. factors via a functorial map from iF to the constant 
functor with value FjM., and from the definition of colimits it follows that the 
monomorphism FjM. <— ► M. has a right inverse, so that it is an isomorphism, and 
thus M. G Aj(X). In particular, if the domain of a functor G into Aj(X) is a 
small category, then iG does have a colimit, which is also a colimit of G; and so 
Aj(X) has small colimits, i.e., it is small-cocomplete. 

Submodules and quotient modules of ^-torsion sheaves are ^7-torsion sheaves. 
If J is finitely- generated (locally) and if M C M. are O_x-modules such that M 
and M.jM are J'-torsion sheaves then M. is a j7-torsion sheaf too; and hence 
Aj{X) is plump in _4(X). 8 In this case, the stalk of FjM. at x S X is 

[TjM) x = lim llomo x ,SOx,x/J2, M x ). 

n>0 

7 So does the closely-related existence of K-injective resolutions for all yl-complexes. (See also 
FAJSl §5].) 

Thus the subcategory Aj(X) is a hereditary torsion class in A(X), in the sense of Dickson, 
.see |Stl pp. 139-141]. 
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Let X be a locally noetherian scheme and Z C X a closed subset, the support 
of Ox I J for some quasi-coherent Ox-ideal J. The functor F z := Fj does not 
depend on the quasi-coherent ideal J determining Z . It is a subfunctor of the left- 
exact functor r z which associates to each Ox-module M. its subsheaf of sections 
supported in Z. If M. is quasi-coherent, then F Z {M.) = r z (Ai). 

More generally, for any complex £ £ D qc (A), the D(X)-map Rr z £ — > Hr z £ 
induced by the inclusion F z <—> is an isomorphism [A.TLI p. 25, Corollary (3.2.4)]; 
so for such £ we usually identify Rr z £ and Hr z £. 

Set Az(X) ;= Aj(X), the plump subcategory of «4(X) whose objects are 
the Z -torsion sheaves, that is, the Ox -modules M. such that T Z M. = A4; and set 
Aq C z(X) :— A q c(X) n Az{X), the plump subcategory of A(X) whose objects are 
the quasi-coherent Ox-modules supported in Z. 

For a locally noetherian formal scheme X with ideal of definition 3, set 1% :— , 
a left-exact functor depending only on the sheaf of topological rings Ox , not on 
the choice of 3 — for M. E A(X), r^-Ai C M. is the submodule whose sections are 
those of M. annihilated locally by an open ideal. Say that M. is a torsion sheaf 
if r%A4 = M.. Let At(X) ■= Ag(X) be the plump subcategory of A(X) whose 
objects are all the torsion sheaves; and set ,A qc t(X) := A qc (X) n At(%), the full 
(in fact plump, see Corollary I5.1.3|) subcategory of A(X) whose objects are the 
quasi-coherent torsion sheaves. It holds that *4 qc t(X) C Ag(X), see Corollary 15. 1.41 
If X is an ordinary locally noetherian scheme (i.e., 3 = 0), then At(X) = A(X) 
and A qct {X) = -4 qc (X) = As(X). 

1.2.2. For any map /: X — * y of locally noetherian formal schemes there are 
ideals of definition 3 C Oy and 3 C O x such that JO x C 3 jGDl p. 416, (10.6.10)]: 
and correspondingly there is a map of ordinary schemes (= formal schemes hav- 
ing (0) as ideal of definition) [X,O x /8) -> (V.Oy/J) f^Tjl p. 410, (10.5.6)]. We say 
that / is separated (resp. affine, resp. pseudo-proper, resp. pseudo-finite, resp. of 
pseudo-finite type) if for some — and hence any — such 3, 3 the corresponding scheme- 
map is separated (resp. affine, resp. proper, resp. finite, resp. of finite type), see 
§§10.15-10.16, p. 444 if.], keeping in mind fcTDI p. 416, (10.6. 10) (ii)]. 9 Any 
affine map is separated. Any pseudo-proper map is separated and of pseudo-finite 
type. The map / is pseudo-finite <^=> it is pseudo-proper and affine it is pseudo- 
proper and has finite fibers jEGAI p. 136, (4.4.2)]. 

We say that / is adic if for some — and hence any — ideal of definition 3 C Oy , 
30% is an ideal of definition of X GD p. 436, (10.12.1)]. We say that / is proper 
(resp. finite, resp. of finite type) if / is pseudo-proper (resp. pseudo-finite, resp. of 
pseudo-finite type) and adic. sec EGA, p. 119, (3.4.1)], EGA, p. 148. (4.8.11)] 
and |GT31 p. 440. (10.13.3)]. 



^In \¥\ Definition 1.14], pseudo-finite- type maps are called "maps of formally finite type." The 
proof of Prop. 1.4 in |3 (with A' = A) yields the following characterization of pseudo-finite- type 
maps of affine formal schemes (cf. p. 439, Prop. (10.13.1)]): The map /: Spf(B) -> Spf(A) 

corresponding to a continuous homomorphism h: A — > B of noetherian adic rings is of pseudo- 
finite type for any ideal of definition / of A, there exists an yl-algebra of finite type A', an 
A'-ideal I' 3 I A', and an A-algebra homomorphism A' — » B inducing an adic surjective map 
A' B where A' is the /'-adic completion of A' . 
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1.2.3. Here is our second main result, Torsion Duality for formal schemes. 
(See Theorem 16.11 and Corollary 16 . 1 . 41 for more elaborate statements.) In the as- 
sertion, D qc (X) := RJ^ -1 (D qc t(X)) is the least A-subcategory of D(X) containing 
both D qc (X) and R££- X (Q) (Definition ISTSl jlemarks 15.2.101 (1) and (2)). For 
example, when X is an ordinary scheme then D qc (X) = D qc (X). 

Theorem 2. Let f: X — > y be a map of noetherian formal schemes. Assume 
either that f is separated or that X has finite Krull dimension, or else restrict to 
bounded-below complexes. 

(a) The restriction of R/» : D(X) — > D(y) takes D qct (X) to D qct (y), and it 
has a right A-adjoint / t x : D(^) — > D qc t(X). 

(b) The restriction of R/*R/^ takes D qc (X) to D qc t(y) C D qc (y), and it has 
a right A-adjoint f* : D(y) -> D qc (X). 

Remarks 1.2.4. (1) The "homology localization" functor 

A X (-):=R7W(R^0 X ,-) 

is right-adjoint to Ri^, and A^O) = Ri^-^O) (Remarks E3HJ. The A-functors 
/* and / t x are connected thus ( Corollaries 16 . 1 . 4l and 16 . 1 TX a,) ) : 

/ # = A X / X , /* = RT X /*. 

(2) In the footnote on pagel70lit is indicated that Ri^ _1 (0) admits a "Bousfield 
colocalization" in D(X), with associated "cohomology colocalization" functor R-^; 
and in Remark l6.3.1f 3). Theorem|2]is interpreted as duality with coefficients in the 
corresponding quotient D qc (X)/R J ^- 1 (0) = D qc (X)/(D qc (X) n Rl^fO)). 

(3) The proof of Theorem is similar to that of Theorem ^ at least when the 
formal scheme X is separated (i.e., the unique formal-scheme map X — > Spec(Z) is 
separated) or finite-dimensional, in which case there is an equivalence of categories 
D(-4qct(X)) _^ Dq C t(X) (Proposition 15.3-H) . (As mentioned before, we know the 
corresponding result with "c " in place of "qct" only for properly algebraic formal 
schemes.) In addition, replacing separatedness of X by separatedness of / takes a 
technical pasting argument. 

(4) For an ordinary scheme X (having (0) as ideal of definition), T^ is just the 
identity functor of A(X), and D qct (X) = D qc (X). In this case, Theorems Q] and 
both reduce to the usual global (non-sheafified) version of Grothendieck Duality. 
In |J21 we will describe how Theorem generalizes and ties together various strands 
in the literature on local, formal, and global duality. In particular, the behavior of 
Theorem[2]vis-a-vis variable / gives compatibility of local and global duality, at least 
on an abstract level — i.e., without the involvement of differentials, residues, etc. 
(See Corollary ETB|) 

1.3. As in the classic paper \V\ of Verdier, the culminating results devolve 
from flat-base-change isomorphisms, established here for the functors / t x and /* of 
Theorem|21 with / pseudo-proper — in which case we denote / t x by /•. 
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Theorem 3. Let X, y and U be noetherian formal schemes, let f: X — * y be 
a pseudo-proper map, and let u: U — ► y foe /Zat, so Z/iaZ in the natural diagram 

XxuU = :V — X 




u ► y 

u 

the formal scheme V is noetherian, g is pseudo-proper, and v is flat {Proposi- 
tion^^. 

Then for all T € DJ.('y) := D qc (y) n D + (y) ZZie base-change map /3jr of Defi- 
nition 17.31 is an isomorphism 

P r : Tir^f-F g 'R,r l [u*T = g u*F. 

16. 1.51 b) 

In particular, if u is adic then we have a functorial isomorphism v*f'j- gu*T. 

This theorem is proved in §7 ('Theorem 17.40 . The functor R/^ has a right 
adjoint Av, see (|15|) . Theorem |3 leads quickly to the corresponding result for /* 
(see Theorem 18.11 and Corollary 18. 3. 3fl : 

Theorem 4. Under the preceding conditions, let 

fe:v*f*T^g*u*T (T G D+(y)) 

be the map adjoint to the natural composition 

Thm.131 

TTien the map A-y(Pjr) is an isomorphism 

A v (/?£): A v v*f*T A v g*u*T = g*u*T. 

Ifi.l.BI a) 

Moreover, if u is an open immersion, or if J 7 £ D+(y), ZZien /3£ iZseZ/ is an 
isomorphism. 

The special case of Theorems [21 and 0] when it is an open immersion is equiv- 
alent to what may be properly referred to as Grothcndicck Duality (unqualified 
by the prefix "global"), namely the following sheafified version of Theorem |3 (see 
Theorem E2J): 

Theorem 5. Let X and y be noetherian formal schemes and let f: X — > y be 
a pseudo-proper map. Then the following natural compositions are isomorphisms: 

TLfiR.Hom' x {g, f*T) -> RWom^(R/,Ri^a, R/,R/£/*.F) 

RWom5(R/.BJ^0, ^) (5 S D q c(X), T G D+(U)); 

R/.RWom^G, fT) -» RWom^(R/*0, Hfifj 7 ) -> RHom' (R/.0, .F) 

(5 e D qct (X), ^ e D+(y)). 

Finally, if / is proper and J 7 G D+(V), then /*: D+(V) -> D+(X) is n#M- 
adjoint to R/* : D+(X) — > D+(y). and R-Z^ * n Theorem can fee deleted, see 
Theorem IO 
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In this — and several other results about complexes with coherent homology — an 
essential ingredient is Proposition 16 . 2 . H deduced here from Greenlees-May duality 
for ordinary affine schemes, see AJL : 

Let X be a locally noetherian formal scheme, and let £ 6 D(X). Then for all 
T E D C (X) the natural map R/^£ — > £ induces an isomorphism 

RHom*(£, T) -^-> KHom' (RL^£ , T). 

In closing this introductory section, we wish to express our appreciation for 
illuminating interchanges with Amnon Neeman and Amnon Yekutieli. 

2. Applications and examples. 

Again, Theorem[2]generalizes global Grothendieck Duality on ordinary schemes. 
This section illustrates further how Theorem provides a common home for a 
number of different duality-related results (local duality, formal duality, residue 
theorems, dualizing complexes. . .). For a quick example, see Remark 12 .3. 81 

Section 12.11 reviews several forms of local duality. In section 12.21 we sheafify 
these results, and connect them to Theorem |2J In particular, Proposition ^. 1.61 is 
an abstract version of the Local Duality theorem of HiiK, p. 73, Theorem 3.4]; 
and Theorem 12. 2. 31 fPseudo- finite Duality) globalizes it to formal schemes. 

Section l2~3"l relates Theoremsnand|21to the central "Residue Theorems" in |L1| 
and |HiiS| (but does not subsume those results). 

Section l2~4*l indicates how both the Formal Duality theorem of H2 , p. 48, Propo- 
sition (5.2)] and the Local-Global Duality theorem in |L31 p. 188] can be deduced 
from Theorem 

Section 12.51 building on work of Yekutieli ^0 §5], treats dualizing complexes 
on formal schemes, and their associated dualizing functors. For a pseudo-proper 
map /, the functor /* of Theorem|211ifts dualizing complexes to dualizing complexes 
(Proposition 12.5.11(1 . For any map / : X — > y of noetherian formal schemes, there 
is natural isomorphism 

RHom' x (LrT,fg) fRHom'y(T,G) {T E D"(y), Q E D+QO), 

(Proposition 12 . 5 . H5|) . For pseudo-proper /, if y has a dualizing complex TZ, so that 
f*lZ is a dualizing complex on X, and if := HTtom'(— , TZ) and T> x are the 
corresponding dualizing functors, one deduces a natural isomorphism (well-known 
for ordinary schemes) 

f*£^V x I,f*V y £ (£eD+(y)), 

see Proposition 12 . 5 . 121 

There are corresponding results for / t x as well. 

2.1. (Local Duality.) All rings are commutative, unless otherwise specified. 

Let tp: R — > S be a ring homomorphism with S noetherian, let J be an S- 
ideal, and let Tj be the functor taking any 5-module to its submodule of elements 
which arc annihilated by some power of J. Let E and E' be complexes in D(S*), 
the derived category of S- modules, and let F E T>{R). With (g> denoting derived 
tensor product in D(5) (defined via K-fiat resolutions |Sp| p. 147, Proposition 6.5]), 
there is a natural isomorphism E ® RI}_E' RTj(_E ® E'), see e.g., [A.TLI p. 20, 
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Corollary(3.1.2)]. Also, viewing RHom^F'.F) as a functor from D(S*)°p x D(F) 
to D(S), one has a canonical D(S , )-isomorphism 

RKom. R (E®E',F) KRom' s (E,miom R (E',F)), 

see [Hp] p. 147; 6.6]. Thus, with ip*: T>{R) -> D(5) the functor given by 
<#?(-) := RHom^(Rr J 5, -) ^ RHom* (RTjS, RHom^S, -)), 
there is a composed isomorphism 

RHom'(£, ft *F) -=U RH.om' R (E ®RTjS,F) miom' R (RTj E , F) . 

Application of homology H° yields the (rather trivial) local duality isomorphism 

(2.1.1) Hom D(s) (£,^F) Hom D(i?) (Rr 7 F,F). 

"Non-trivial" versions of 1|2.1.1|) include more information about ip*. For ex- 
ample, Greenlees-May duality |AJLI p. 4, (0.3) a ff] gives a canonical isomorphism 

(2.1.2) ip*F = LAjRHomJj(S', F), 

where Aj is the J-adic completion functor, and L denotes "left-derived." In partic- 
ular, if R is noetherian, S is a finite R- module, and F € D c (iZ) (i.e., each homology 
module of F is finitely generated), then as in |AJLI p. 6, Proposition (0.4.1)], 

(2.1.3) p*jF = RHom^S, F) ® s S (S = J-adic completion of 5). 
More particularly, for S = R and ip = id (the identity map) we get 

id* 7 F = F(g> R R (F G D C (F)). 

Hence, classical local duality HI , p. 278 (modulo Matlis dualization)] is just l|2.1.1|) 
when R is local, ip — id, J is the maximal ideal of F, and F is a normalized dualizing 
complex — so that, as in Corollary 15. 2. 31 and by |H1I p. 276, Proposition 6.1], 

Hom D(fl) (Rr 7 F,F) = Hom D(H) (Rr j F ) RI}F) = Hom D(fl) (RI}F, I) 

where / is an F-injective hull of the residue field R/J . (See also Lemma \'2.h.7V ) 

For another example, let S = F[[t]] where t := (ti, . . . , td) is a sequence of 
variables, and set J := tS. The standard calculation (via Koszul complexes) gives 
an isomorphism RF/S* = v\—d] where v is the free F-submodule of the localiza- 
tion St!...t d generated by those monomials i™ 1 . . . t n d d with all exponents rij < 0, the 
S-module structure being induced by that of St 1 ...t d /S D v. The relative canonical 
module u>R[[t]]/R '■= Homjj(i/, R) is a free, rank one, S-module. There result, for 
finitely-generated F-modules F, functorial isomorphisms 

(2-1.4) ^t Rm] F = Bom R (y[-d\,F) = u R[[t]]/R [d} ®r F = R[[t\] ® R F[d}; 

and when R is noetherian, the usual way-out argument HI, p. 69, (ii)] yields the 
same for any F £ D+(F). 

Next, we give a commutative-algebra analogue of Thcorem|21in ^ in the form 
of a "torsion" variant of the duality isomorphism 12.1.1(1 . Proposition 12.2.11 will 
clarify the relation between the algebraic and formal-scheme contexts. 

With ip: R — > S and J an 5-ideal as before, let Aj(S) be the category of 
J-torsion S'-modules, i.e., S- modules M such that 

M = TjM :={me M \ J n m = for some n > }. 



12 



LEOVIGILDO ALONSO, ANA JEREMIAS, AND JOSEPH LIPMAN 



The derived category of Aj(S) is equivalent to the full subcategory Dj(5) of D(5) 
with objects those ^-complexes E whose homology lies in A,j(S), (or equivalently, 
such that the natural map RI}F — > E is an isomorphism), and the functor RI} is 
right-adjoint to the inclusion T)j(S) D(5) (cf. Proposition 15 . 2 . ll and its proof). 
Hence the functor tp* : D(i?) — > Dj(5) defined by 

tp? (-) := Rr 7 RHom^(S', -) Rr j( S g RHom^(S, -) 

is right-adjoint to the natural composition T)j(S) °-> D(S') — > D(i?): in fact, for 
E £ Dj(5 l ) and F G D(i?) there are natural isomorphisms 

(2.1.5) RHom^F.^F) RHom* (F, RHom^S, F)) RHom^(F,F). 

Here is another interpretation of <pj F. For 5- modules A and i?-modules F set 

Hom R ,j(^, B) := ^Ham^, F), 

the S-module of i?-homomorphisms a vanishing on J n A for some n (depending 
on a), i.e., continuous when A is J-adically topologized and B is discrete. If E is 
a K-flat .S'-complex and F is a K-injective F-complex, then Hom^j(F,F) is a K- 
injective S'-complex; and it follows for all E £ D(5) and F 6 D(F) that 

RHom^ ; (£, F) = RTjRHom^F, F). 

Thus, 

^ x F = RHom^,,(S<,F). 
A torsion version of local duality is the isomorphism, derived from l|2.1.5|) : 
Hom D/(s) (F, HRom' RtJ (S,F)) Hom D(fl) (£, F) (F G Dj(5), F £ D(F)). 
Apropos of Remark ll.2.4f 11. the functors ipj and p* are related by 

LAjRHoma(g,F l g g ?|F = LAjtpjF, 
H.l.-2\ 

Rr J RHonifl(5',F) = ft x F^Rr J( ftF. 

The first relation is the case £ = R^S* of followed by Greenlees-May duality. The 

second results, e.g., from the sequence of natural isomorphisms, holding for G £ T)j(S), 
E £ D(5), and F £ D(_R): 

Hom D(s) (G, RI}RHom^(F, F)) £* Hom D(s) (G, RHom^(F, F)) 

Hom D(jR) (Ri} 5®sG ®s E, F) 

£* Hom D(s) (G, RHom^(Rr J F, F)) 
S Hom D(s) (G,Rr J RHom^(RI}F,F)), 
which entail that the natural map is an isomorphism 

Rr 7 RHomfl(£,F) RTjRHomJj(RI>F, F). 

Local Duality theorems are often formulated, as in (c) of the following, in terms 
of modules and local cohomology (H*:= H'RI}) rather than derived categories. 

Proposition 2.1.6. Let p> : R — > S be a homomorphism of noetherian rings, 
let J be an S -ideal, and suppose that there exists a sequence u = (ui, ■ ■ ■ ,Ud) in J 
such that S/uS is R-finite. Then for any R-finite module F: 

(a) H n pjF — for all n < —d, so that there is a natural T)(S)-map 

h: (U- d p*F){d} -> p*F 
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(b) If t p : HTjifijF — ► F corresponds in ()2.1.1JI to the identity map of <fijF, 10 
and j = f j{F) is the composed map 

RI}(H-<V*F)[d] ^ HTjcpjF ^ F, 
then (H~ d ipjF, J ) represents the functor HonT£>(7?)(Rr 7 i?[<i], F) of S-modules E. 

(c) If J d V uS then there is a bifunctorial isomorphism {with E, F as before): 

Uom s (E,U- d ip # jF) Uom R (}ifE,F). 

Proof. If (p is the obvious map from R to the u-adic completion S of S, 
then in D(S'), (p*F — (p*F since RI^S* = Rr 7 5. In proving (a), therefore, we may 
assume that S is u-adically complete, so that ip factors as R — > R[[t]] S with 
t — (ti, . . . , fg) a sequence of indeterminates and S finite over i?[[t]]. (ip is the nat- 
ural map, and x(A) = u i-) ln view of the easily- verified relation ip* = x* °^PtR[[t]]> 
(|2.1.3|1 and (|2.1.4Jl yield (a). Then (b) results from the natural isomorphisms 

Kom s (E,K- d cp*F) Rom u{s) (E[d], ^F) ^Rom u{R) (RTjE[d], F). 

via h 12.1.11 

Finally, (c) follows from (b) because H}E = H^gE = for all i > d (as one sees 
from the usual calculation of H l uS E via Koszul complexes), so that the natural map 
is an isomorphism Hom D ( fl )(Rr / £ , [(i], F) Hom^(Hji?, F). □ 

2.1.7. Under the hypotheses of Proposition l2~l~CT c) . the functor Homjj (HjE, R) 
of iS-modules E is representable. Under suitable extra conditions (for example, S a 
generic local complete intersection over i?[[t]], Hiibl and Kunz represent this functor 
by a canonical pair described explicitly via differential forms, residues, and certain 
trace maps |HuKI p. 73, Theorem 3.4]. For example, with S = R[[t]], J = tS, and 
v as in (|2.1.4|l . the 5-homomorphism from the module Q%i R of universally finite 
(i-forms to the relative canonical module ^> R \^y R = Hoielr(i', R) sending the form 

dti . . . dtd to the i?-homomorphism v — > R which takes the monomial fc[ . . . t^ 1 to 1 
and all other monomials t™ 1 . . . tj"* to 0, is clearly an isomorphism; and the result- 
ing isomorphism <pjR does not depend on the d-element sequence t 
generating J — it corresponds under (|2.1.1|l to the residue map 

(see, e.g., |L2I §2.7]). Thus Hom R (HjE, R) is represented by Qg/ R together with the 
residue map. The general case reduces to this one via traces of differential forms. 



2.2. (Formal sheafification of Local Duality). For /: X — ► y as in Theorem 
in there is a right A-adjoint / t x for the functor Rf* : D qc t(X) — > D qc t(^). Fur- 
thermore, with j : D(Ac{'X)) — > Dj(X) the canonical functor, we have 

R/»RJ^jD(^g(X)) C R/*R^D qc (X) C R/*D qct (X) c D qct (y) C D ? (y). 

Jet. 1. St IB. Ill 15.161 111.71 

It results from JTSJ and Proposition that R/*R2^': T)(As(X)) Dg(y) has 
the right A-adjoint RQ x f*:= RQ x RHom'(R,r£O x , / t x ). 



t f may be thought of as "evaluation at 1" : RHom^ j{S, F) — ► F. 
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If, moreover, X is properly algebraic (Definition 13.3.3(1 — in particular, if X is 
affine then j is an equivalence of categories ( Corollary 13. 3. 4(1 . and so the functor 
R/*R^ : Dc?(X) -> D 5 (y) has a right A-adjoint. 

For affine /, these results are closely related to the Local Duality isomorphisms 
(|2.1.5|l and (|2.1.1fl . Recall that an adic ring is a pair (R, I) with R a ring and / an 
i?-ideal such that with respect to the /-adic topology R is Hausdorff and complete. 
The topology on R having been specified, the corresponding affine formal scheme 
is denoted Spf(i?). 

Proposition 2.2.1. Let ip: (R,I) — > (S,J) be a continuous homomorphism 
of noetherian adic rings, and let X:= Spf(S') — > Spf(i?) be the corresponding 
(affine) formal- scheme map. Let k x : X — > X := Spec(5), : y — > F:= Spec(i?) 
6e t/ie completion maps, and let ~ = ~s d eno f e th e standard exact functor from 
S -modules to quasi- coherent Ox -modules. Then: 

(a) The restriction of R/* takes D qct (X) to D qct (y), and this restricted functor 
has a right adjoint / t x : D qct (y) — > D qct (X) given by 

f{T:= Ki(^KT(y, ^))~ - ^(RHom^, 7 (5, RT(y, ^)))~ (.F G D qct (y)). 

(b) TVie restriction of R/»Ri^ tofces Dj(X) to Dg('y), and i/izs restricted func- 
tor has a right adjoint /*: Dg(^) — + Dj(X) given by 

fiT:= «5;(^Hr(y, ^))~ = Kj (RHomJj (RI} 5, BT(y, ^)))~ G D ? (y)). 

(c) There are natural isomorphisms 

bt(x, / t x ^) ^, 7 x Rr(y, ^) g D qct (y)), 
Rr(x,/|^) ^ # Rr(y,^) g D ? (y)). 

Proof. The functor ~ induces an equivalence of categories D(5) — » D qc (X), 
with quasi-inverse Rr x := Rr (X,- ) f jBNl p. 225, Thm. 5.1], jAJLl p. 12, Propo- 
sition (1.3)]); and Proposition 13. 3. II below implies that « x : T> qc (X) — > D^(X) is an 
equivalence, with quasi-inverse (RT x K Xf — )~ = (Rr x — )~. 11 

It follows that i/ie functor taking G G D(<S) to k x G w an equivalence, with 
quasi-inverse RPx '■ Dj(X) — » D(S*), and similarly for y and R. Moreover, there 
is an induced equivalence between Dj(S) and D qct (X) (see Proposition I5.2.4jl . In 
particular, (c) follows from (a) and (b). 

Corresponding to 1(2.1.5(1 and ((2.1.1(1 there are then functorial isomorphisms 

Hom D(X) (£, f t x T) Hom D(y) (4(Rr x f )~* T) {£ G D qct (X), ^ G D qct (y)), 
Hom D(x) (£, fiT) Hom D(y) (4 (RI}Rr x £ )~* T) {£ G D ? (X), ^ G D ? (y)); 

and it remains to demonstrate functorial isomorphisms 

k5(BT x £)~* R/^ (£ G D qct (X)), 

4(RryRr x £r R r/.bj££ (5 g d ? (x)), 

the first a special case of the second. 

■'■■'■In checking this note that has an exact left adjoint, hence preserves K-injectivity. 



DUALITY AND FLAT BASE CHANGE ON FORMAL SCHEMES 



15 



To prove the second, let E := RFj-J, let Z := Spec(5/J) C X, and let 
fo : X — > Y be the scheme-map corresponding to ip. The desired isomorphism 
comes from the sequence of natural isomorphisms 

R^R-Z^f = R/* R-Z^/i^-E 

^ Hf*K* x T&r z E (Proposition KTB c)) 

^ KyRfo*B.r z E (Corollary EJ 

£* ^R/ctHTjE)- (|XJEJ p. 9, (0.4.5)]) 

(The last isomorphism — well-known for bounded-below E — can be checked via the 
equivalences RF X and Rr y , which satisfy RI^R/o* — Rr x (see |Sp| pp. 142-143, 
5.15(b) and 5.17]). ' ' □ 



Theorem 12.2.31 below globalizes Proposition 12. 1 .61 But first some preparatory 
remarks are needed. Recall from 11.2^2*1 that a map /: X — > y of noetherian formal 
schemes is pseudo-finite if it is pseudo-proper and has finite fibers, or equivalently, 
if / is pseudo-proper and affine. Such an / corresponds locally to a homomorphism 
ip: (R, I) — > (S, J) of noetherian adic rings such that ip(I) C J and S/J is a finite 
-R-module. This tp can be extended to a homomorphism from a power series ring 
R[[t]] := tii ■ ■ ■ > te\] such that the images of the variables U together with ip(I) 

generate J, and thereby S becomes a finite i?[[t]]-module. Pseudo-finiteness is 
preserved under arbitrary (noetherian) base change. 

We say that a pseudo-finite map / : X — > y of noetherian formal schemes has 
relative dimension < d if each y G ^ has an affine neighborhood U such that 
the map (pu ■ R ~ + S of adic rings corresponding to / _1 U — * U has a continu- 
ous extension i?[[ti, . . . , td\\ — > 5 making 5 into a finite i?[[ti, . . . , id]]-module, or 
equivalently, there is a topologically nilpotcnt sequence u = (u\, . . . ,uj) in S (i.e., 
lim n _ voc uf = (1 < i < d)) such that S/uS is finitely generated as an i?-modulc. 
The relative dimension dim / is defined to be the least among the integers d such 
that / has relative dimension < d. 

For any pseudo-proper map / : X — > y of noetherian formal schemes, we have 
the functor /* : D(y) — ► D(X) of Corollarv l6.1.4l commuting with open base change 
on y (Theorem 0J. The next Lemma is a special case of Proposition 18 . 3 . 21 

Lemma 2.2.2. For a pseudo-finite map /:X^^ of noetherian formal schemes 
and for any T G D+(^), if /io/ds i/iat G D+(X). 

Proof. Since /* commutes with open base change, the question is local, so 
we may assume that / corresponds to cp: (R,I) — > {S,J) as above. Moreover, 
the isomorphism (gf) # = f # g* in Corollary 16.1.41 allows us to assume that either 
S = R[[ti, . . . , td]] and ip is the natural map or S is a finite i?-module and J = IS. 
In either case / is obtained by completing a proper map /o : X — > Spec(i?) along a 
closed subscheme Z C / ~ 1 Spec(i?/I). (In the first case, take X to be the projective 
space P fl d D Spec(R[ti,...,t d ]), and Z := Spec(i?[ti, . . . ,t d ]/(I,ti, . . . ,t d )).) The 
conclusion is given then by Corollary 16. 2. 31 □ 
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Theorem 2.2.3 (Pseudo-finite Duality). Let f : X — > y be a pseudo-finite map 
of noetherian formal schemes, and let T be a coherent Oy -module. Then: 

(a) H n f # T = for all n < - dim /. 

(b) If dim / < d and X is covered by affine open subsets with d-generated 
defining ideals, then with f x ^ := f*T x and, for i € Z and 3 a defining ideal ofX, 

i?7x* := JPR/x* = H*R/.R^ = lim H l RfiRHom'(O x /d n , -), 12 
there is, for quasi- coherent Ox-modules £, a functorial isomorphism 

fiHom x {£,H- d f*T) Homy(R d f x ^,T). 
(Here H~ d f*J- is coherent (Lemma \2.2.2\) . and by (a), vanishes unless d = dim/.) 

Proof. Since f* commutes with open base change we may assume that y is 
affine and that / corresponds to a map ip: (R,I) — > {S, J) as in Proposition 12 . 1 . fil 
Then there is an isomorphism of functors 

iRQx/ , ^«x(^RT(y,-))~, 

both of these functors being right-adjoint to JtfiHr x : D^(X) — > Dg(y) (Proposi- 
tion H23t D ) and remarks about right adjoints preceding it). Since f*T € D+(X) 
(Lemma I2.2.2|l . therefore, by Corollary 13.3.41 the natural map is an isomorphism 
jiRQ x / # JF J*^ 7 ; and so, since k x is exact, Proposition 12 . 1 . 6l gives (a). 

Next, consider the presheaf map associating to each open XL C y the natural 
composition (with V:= / -1 U): 

Hom v (f,ff- d / # ^) ^ Hom D(V) (f[rf],/ # J)_£, Hom D(U )(R/.R/££[d],.F) 
by (a) 16.1.41 

— > Hom u (^/i,£,f). 
To prove (b) by showing that the resulting sheaf map 

f*Hom x (£, H- d fT) -> Hom y (R d fx*£, T) 

is an isomorphism, it suffices to show that R l f x ^£ — for all i > d, a, local problem 
for which we can (and do) assume that / corresponds to <p : R — ► 5 as above. 

NowRf^ € D qct (X) fProposition lQH) . so Proposition lSTil for X := Spec(S') 
and Z:= Spec(S/J) gives Rr x £ k* x £ with £ := K^Ri^f E D+ Z (X). Since X 
has, locally, a d-generated defining ideal, we can represent Hr x £ locally by a lim of 
Koszul complexes on d elements |A.TLI p. 18, Lemma 3.1.1], whence H l Tir x £ = 
for all i > d, and so, k x< , being exact, H'£q = 0. Since the map fo := Spec(tp) 
is affine, it follows that _ff J R/o*£o = 0, whereupon, being flat, Corollary 15.2.71 
yields 

R%*£ s H l RfiK* x £ a s FV^R/q^o s fsJf^R/o.fib = (i > d), 
as desired. (Alternatively, use Lemmas 13.4.21 and 15 . 1 . 41 ) □ 



The equalities hold because X being noetherian, any lim of flasque sheaves (for example, 
lim 7iom(Ox / 3 n , £) with E an injective Ox-module) is /*-acyclic, and lim commutes with /*. 
(For an additive functor <j>: «4(X) — * A(]$), an ,4(X)-complex T is ip-acyclic if the natural map 
<f>^F —* R0^-" is a D(y)-isomorphism. Using a standard spectral sequence, or otherwise (cf. IL4I 
(2.7.2)]), one sees that any bounded-below complex of </)-acyclic Ox- mo d u l es is </)-acyclic. 
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2.3. Our results provide a framework for "Residue Theorems" such as those 
appearing in |L1I pp. 87-88] and |HuSI pp. 750-752] (central theorems in those 
papers): roughly speaking, Theorems ^ and |21 in section 2] include both local and 
global duality, and Corollary 16 . 1 . 61 expresses the compatibility between these duali- 
ties. But the dualizing objects we deal with are determined only up to isomorphism. 
The Residue Theorems run deeper in that they include a canonical realization of 
dualizing data, via differential forms. (See the above remarks on the Hubl-Kunz 
treatment of local duality.) This extra dimension belongs properly to a theory of 
the "Fundamental Class" of a morphism, a canonical map from relative differential 
forms to the relative dualizing complex, which will be pursued in a separate paper. 

2.3.1. Let us be more explicit, starting with some remarks about "Grothcndicck 
Duality with supports" for a map /: X — ► Y of noetherian separated schemes 
with respective closed subschemes W C Y and Z C f^ 1 W. Via the natural 
equivalence of categories T>(A qc {X)) — » D qc (X) (see H3.3|) . we regard the func- 
tor f x : D(Y) -> D(Ac(X)) = D(.4 q cP0) of TheoremUJas being right-adjoint to 
R/* : D qc (X) — > D(y). 13 The functor Rr z can be regarded as being right-adjoint 
to the inclusion T>z(X) » D(X) (cf. Proposition l5.2.fT c'>1: and its restriction 
to D qc (X) agrees naturally with that of Rr z , both restrictions being right-adjoint 
to the inclusion ~D qc z(X) <^-> D qc (X). Similar statements hold for W C Y. Since 
R/*(D qc .z(X)) C T)w(Y) (cf. proof of Proposition IB~2.6J) . we find that the functors 
Hr z f x and R1^/ X R2^ are both right-adjoint to R/» : T) qcZ {X) -> D (F), so are 
isomorphic. We define the local integral (a generalized residue map, cf. [HiiKI §4]) 

pigy. Rf*Rr z f x g ^Rr^g (SeD(r)) 

to be the natural composition 

Rf*Rr z f x g ^ Rf,Rr z f x Rr^g ^Rfj x Rr^g ^nr^g. 

Noting that for T E T)w(Y) there is a canonical isomorphism Rr^J 7 T 
(proof similar to that of Proposition 15 . H[ a)), we have then: 

Proposition 2.3.2 (Duality with supports). For E e T) qcZ {X), T e Ti w (Y), 
the natural composition 

Hom Dqcz(x) (£, Rr z f x T) ► Hom Dw(y) (R/^, RURr z .f x T) 

— — * Hom DH/(Y) (R/*£, T) 

is an isomorphism. 

This follows from adjointness of R/» and f x , via the natural diagram 

R/*Rr z /*e ► Rf*.rg 

p(s)[ [ (g e D(y)), 

Rr^g ► g 

whose commutativity is a cheap version of the Residue Theorem (HiiSI pp. 750- 
752]. 

Again, however, to be worthy of the name a Residue Theorem should in- 
volve canonical realizations of dualizing objects. For instance, when V is a proper 



For ordinary schemes, this functor / x is well-known, and usually denoted f' when / is 
proper. When / is an open immersion, the functors / x and / ! (= /*) need not agree. 



18 



LEOVIGILDO ALONSO, ANA JEREMIAS, AND JOSEPH LIPMAN 



d-dimensional variety over a field k and v G V is a closed point, taking X = V, 
Z = {v}, W = Y = Spec(fc), Q = k, and setting ujy := H~ d f x k, we get an Oy,v- 
module wy,u (commonly called "canonical" , though defined only up to isomorphism) 
together with the fc-linear map induced by p{k): 

H*(cj VtV ) -> k, 

a map whose truly-canonical realization via differentials and residues is indicated 
in [ET] p. 86, (9.5)]. 

2.3.3. With preceding notation, consider the completion diagram 

X /z =: X X 

A 1' 

Duality with supports can be regarded more intrinsically — via / rather than / — 
as a special case of the Torsion-Duality Theorem 16. II (= Theorem|21of §1) for /: 

First of all, the local integral p is completely determined by (p) : for Q S D(y ) , 
the natural map HF^Q — > KH^KtjRJ^C? is an isomorphism fProposition l5.2!4*|) ; and 
the same holds for R/*R/^/ x (7 — > Hy jSf n^Tlf te 'Fir z f x Q since as above, 

R/*Rr z / x S g R/*(D qcZ (X)) c D w (y) 

— and so p = «H^«;y(p). Furthermore, K^(/o) is determined by the "trace" map 

r t : R/*/ t x — > 1, as per the following natural commutative diagram, whose rows are 
isomorphisms: 

i ' - "i Era EEstb) 

KyRi^Cy < Riy'«;50 

(To see that the natural map Rr z f x Q — ► R^ f x n^ lt n^G is an isomorphism, re- 
place Hr z f x by the isomorphic functor Ri^/ X R/J^ and apply Proposition l5.2.4l ') 
Finally, we have isomorphisms (for £ G D qc z(X), T G Dw(F)), 

Hom D(x) (f,Rr z / x JP) Hom D(X) (^£,^Rr z / x K ^4^) (£23 

Hom D(I) (K^, it^T) inmi 

Hom D( v,)(R/»/s5;f , «5-F) JHU 
Hom D(y) («;?;R/*£, /^.F) i5~2~7l 
Hom D(y) (R/*£,;F) 

whose composition can be checked, via the preceding diagram, to be the same as 
the isomorphism of Proposition 12.3.21 

2.3.4. Proposition 12 . 3 . bl expresses some homological consequences of the fore- 
going dualities, and furnishes a general context for |L1I pp. 87-88, Theorem (10.2)]. 

For any noetherian formal scheme X, £ G D(X), and n G Z, set 

H£(£):=H*RT(X,R/££). 
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For instance, if X = X/z — > X is the completion of a noetherian scheme X 
along a closed Z C X, then for T € D(X), Proposition ^. 2. 4l yields natural isomor- 
phisms 

RT(X, Ri^/t*^) = Rr(X, fcRlxVJ 7 ) 

S RT(JC, k*k*RI^.F) ^ RT(Jf,RI|.F), 

and so if J 7 6 D qc (X), then with the usual cohomology with supports in Z, 

H£(«*.F) S HS(^). 

Let C Ox be an ideal of definition. Writing T x for the functor T(X, — ), we 
have a functorial map 

7 (5): R(r x orx)£ - Rr x o R r x £ (e e d(X)), 

which is an isomorphism when £ is bounded-below, since for any injective Ox- 
module X, linu of the flasque modules Hom(Ox/d l ,Z) is r x -acyclic. Whenever 
7(5) is an isomorphism, the induced homology maps are isomorphisms 

hmExt"(Ox/3\£) ^> H&(£). 

If £ G D qc (X), then RIX-E G D qct (X) (Proposition 15. 2. Hi . For any map 
g: X — > y satisfying the hypotheses of Theorem 16.11 for Q G D(V), and with 
R:= H°(y, Oy), there are natural maps 

Hom D( x)(Rr^,. 9t x a) Hom D( x)(RZx£,.g t x Rr;S) JSTSfb)) 

(6) Hom D(V)) (R ff »R^f,Rr a , C?) 

— v Ho mjl (H^f,H5»0) 

where the last map arises via the functor H™Rr(y, — ) (n G Z). 

In particular, if g = / in the completion situation of M2.3.3I and if £ :— k^£q, 
G = KyQo (£0 G D qc (X), t/o € D qc (Y)), then preceding considerations show that 
this composed map operates via Duality with Supports for / (Proposition 12. 3"2"|) . 
i.e., it can be identified with the natural composition 

Hom D(x) (Rr^o, bt z / x g ) | ^ a Hom D(y) (R/, nr z £ a , Rr w g ) 

— > HoniHO(y,c) r )(H2^O)H^0o)- 

2.3.5. Next, let R be a complete noetherian local ring topologized as usual by 
its maximal ideal /, let (S, J) be a noetherian adic ring, let tp: (R,I) — > (S 1 , J) be 
a continuous homomorphism, and let 

«:= Spf(S) -A Spf(i?) =: V 

be the corresponding formal-scheme map. As before, g: X — > y is a map as in 
Theorem l6.ll and we set h:= fg. Since the underlying space of V is a single point, 
at which the stalk of Ov is just R, therefore the categories of Oy-modules and of 
R- modules are identical, and accordingly, for any £ G D(X) we can identify R/i*£ 
with Rr(X,£) G D(i?). 

Let K be an injective -R-module, and K, the corresponding injective Ov-module. 
There exist integers r, s such that H' l (f # IC) = for all i < —r (resp. H l (h*K,) = 
for all i < -s) (Corollary EE} . Set w a := H~ r {f # IC) (resp. uj X -= H- s {h*K)). 
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Proposition 2.3.6. In the preceding situation lox represents — via (© — the 
functor Horns (H'^£, H'y°(/ # /C)) of quasi- coherent Ox-modules £. If Loy is the only 
non-zero homology of / # /C, this functor is isomorphic to Horns (H'^£, H'y LOy ). 

Proof. There are natural maps 

H£(wv) - H-(^H) JU H' y °(/ # /C) Rom R ,j(S,K) 

where the last isomorphism results from Proposition ^. 2. IT a^ , in view of the identity 
RJ^'/ # = / t x ( Corollary 16 . 1 . 5f a) ) and the natural isomorphisms 

Rr(y,K$G) RT(Y,KyXyG) _=+ BT(Y,G) G (Ge D+(5)), 

15.2.41 

for G:= RHom^ J (5,Rr(V,/C)). (In fact RT(y, k^G) G for any G G D(5), see 

Corollary 13.3.21 and the beginning of H3.3I ) In case is the only non- vanishing 
homology of f # )C, then h is an isomorphism too. 

The assertions follow from the (easily checked) commutativity, for any quasi- 
coherent Ox-module £, of the diagram 

Hom x (£>x)=Hom D(X) (£[ S ],. g # / # /C) Hom D(X) (R^f [a], 

Jo 

Hom D(V )(R/i*R-T^ [«],£) Hom s (H'£ (£ [s] ) , W° {f*JC) ) 

II 1- 

YLam R {H! x £,K) — > Horns (H££, Hom R ,j(5, if)) 

2.3.7. Now let us fit |L1I pp. 87-88, Theorem (10.2)] into the preceding setup. 

The cited Theorem has both local and global components. The first deals with 
maps ip: R — > S of local domains essentially of finite type over a perfect field k, 
with residue fields finite over k. To each such ring T one associates the canonical 
module lot of "regular" fc-differentials of degree dimT. Under mild restrictions 
on if, the assertion is that the functor 

Hom^H^G, R^ r lo r ) (m := maximal ideal) 

of ^-modules G is represented by the completion los together with a canonical map, 
the relative residue 

HdimS TTdimS TTdimi? 

m s US = H ms LO S -> n mR LOR. 

This may be viewed as a consequence of concrete local duality over k ( W2.1.7) . 

The global aspect concerns a proper map of irreducible k- varieties g: V — > W 
of respective dimensions s and r with all fibers over codimension 1 points of W 
having dimension s — r, a closed point w € W, the fiber E := g^ 1 (w), and the 
completion V ':= V/.g. The assertion is that the functor 

Hom^H^H^Wfl) 0R:=<LV,«0 

of coherent O^-modules Q is represented by the completion Coy along E of the 
canonical sheaf LOy of regular differentials, together with a canonical map 

0: H~ lo v = HgWv — > H^ lor. 
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Moreover, the local and global representations are compatible in the sense that 
if v G E is any closed point and ip v : R — > S := Ov,v is the canonical map, then the 
residue p v :— p Vv factors as the natural map H 8 ms L0s — > H^wv followed by 9. This 
compatibility determines 9 uniquely if the p v (v £ E) are given |L1I p. 95, (10.6)]; 
and of course conversely. 

Basically, all this — without the explicit description of the to 's and the maps p v 
via differentials and residues — is contained in Proposition 12. 3. HI as follows. 

In the completion situation of M2.3.3I take X and Y to be finite-type separated 
schemes over an artinian local ring R, of respective pure dimensions s and r, let 
W = {w} with w a closed point of Y, write g in place of /, and assume that 
Z C g~ x W is proper over R (which is so, e.g., if g is proper and Z is closed). 
Let K be an injective hull of the residue field of R, and let K. be the corresponding 
injective sheaf on Spec(i?) = Spf(-R). With f:Y—> Spec(i?) the canonical map, 
and h = fg, define the dualizing sheaves 

u x --= H- s h'lC, u Y -=H- r fK, 

where h' is the Grothendieck duality functor (compatible with open immersions, 
and equal to h y ~ when h is proper), and similarly for f. It is well-known (for 
example via a local factorization of h as smooth o finite) that h'lC has coherent 
homology, vanishing in all degrees < — s; and similarly f-JC has coherent homology, 
vanishing in all degrees < — r. 
Let 

/:y:=Spf(S^)-»Spf(iJ)=:V 

be the completion of /. We may assume, after compactifying / and g — which does 
not affect / or g (see |Lu| ). that / and g are proper maps. Then Corollary 16.2.31 
shows that h*K. = n^h'-IC, and so kx being flat, we see that 

(7) K X UJ X = Wl 

where ujx is as in Proposition 12 . 3 .51 and similarly k^ujy = ■ 

Once again, some form of the theory of the Fundamental Class will enable us 
to represent ujx by means of regular differential forms; and then both the local 
and global components of the cited Theorem (10.2) become special cases of Propo- 
sition (modulo some technicalities |L11 p. 89, Lemma (10.3)] which allow a 
weakening of the condition that ujy be the only non- vanishing homology of f # IC). 
As for the local-global compatibility, consider quite generally a pair of maps 

Xi x ^ y 

of noetherian formal schemes. In the above situation, for instance, we could take p 
to be g, Xi to be the completion of X at a closed point v € Z , and q to be the 
natural map. Theorem [2] gives us the adjunction 

D qct (X) 5=? DqrtOO- 

Pt 

The natural isomorphism R(pq)* Rp^Rg* gives rise then to an adjoint isomor- 
phism q*Pt ^-s- {pq)t', an d for £ £ D qct (y) the natural map R(pq)*(pq)£ £ —> £ 
factors as 

H(pQ)*(pQ)t £ Hp^Hq^q* p^ £ — > Rp*pf £ — > £■ 
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This factorization contains the compatibility between the above maps 9 and p v , 
as one sees by interpreting them as homological derivatives of maps of the type 
Rp*p*£ — ► £ (with £:= R/^'/ # /C). Details are left to the reader. 

Remark 2.3.8. In the preceding situation, suppose further that Y = Spec(i?) 
(with R artinian) and / = identity, so that h = g: X ^ Y is a finite-type sepa- 
rated map, X being of pure dimension s, and k% : X — > X is the completion of X 
along a closed subset Z proper over Y. Again, K is an injective i?-module, JC is 
the corresponding CV -module, and ujx '■= H~ s glC is a "dualizing sheaf" on X. 
Now Proposition 12.3.61 is just the instance i = s of the canonical isomorphisms, 
for £ G D qc (X), i £ Z (and with H£ := H'Rr(X,R^), see 32331 and g:= ,g°K X ): 

Hom D(x) (£[z],g # /C) T ^ E] Hom D( y ) (R3,Rr^[z],/C) Hom fl (H' x £,^) =:(H' X £)-. 

If X is Cohen-Macaulay then all the homology of g'K, other than ujx vanishes, so 
all the homology of g # K = K%g m K other than ujx — k x lux vanishes (see (0), and 
the preceding composed isomorphism becomes 

Extr(£> x ) mn. 

In particular, when Z = X (so that X = X) this is the usual duality isomorphism 

Extjf^wjc) R l (X,£)~. 

If X is Gorenstein and T is a locally free Ox-module of finite rank, then ujx is 
invertible; and taking £ :— Tiom-xiJF, wi) = J~ ® uj% we get the isomorphism 

H^(X,^) (H^(^®wi))r, 

which generalizes the Formal Duality theorem H2 p. 48, Proposition (5.2)]. 

2.4. Both [TT2l p. 48; Proposition (5.2)] (Formal Duality) and the Theorem in 
|L3I p. 188] (Local-Global Duality) are contained in Proposition 12.4.11 see AJL 
§5.3]. 

Let R be a noetherian ring, discretely topologized, and set 

Y:= Spec(i?) = Spf(i?) 

Let g: X — > Y be a finite-type separated map, let Z C X be proper over Y, let 
k : X = X jz — > A be the completion of A along and set g:= g° k: X — > ^ . 

Assume that i? has a residual complex 1Z HI p. 304]. Then the corresponding 
quasi-coherent Cy-complex 7?.y := 1Z is a dualizing complex, and 7£x := .<7 ! 7?-f is a 
dualizing complex on X p. 396, Corollary 3]. For any T E D C (A) set 

T':= miam\{? \Hx) 6 D c (Jf), 

so that J 7 = T" = WKom x (T',n x )- 

Proposition 2.4.1. In the preceding situation, with Tz(—) := T(X,r z (—)) 
there is a functorial isomorphism 



RT(X, k*T) RHom^(Rr z J r/ , ft) (J" G D C (X)). 
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Proof. Replacing g by a compactification ( [Lu ) doesn't affect X or RIz, so 
assume that g is proper. Then Corollar v lfi .2.31 gives an isomorphism k*1Zx — g*Ti-Y ■ 
Now just compose the chain of functorial isomorphisms 

RT(X, k*T) = RT(X, K'RHom^J-',^)) (see above) 

Rr(X,RHor7i^(K*J r ', k"R x )) (LemmaE32J) 

^ RHom^((tT', g*n Y )) (see above) 

^ RHom' (R^Ri^K*^"', n Y ) (Theorem 01 

^ RHom y (R 5 »RF z .F',fty) (Proposition EHS 

= RHom y (RT^F', fty) \KJD footnote, §5.3] 

^ RHom^(Rr z .F',ft) \XTD p. 9. (0.4.4)]. □ 

Lemma 2.4.2. Let X be a locally noetherian scheme, and let k: X ^ X be its 
completion along some closed subset Z. Then for Q G T) qc (X) of finite infective 
dimension and for T S T) C (X), the natural map is an isomorphism 

k* R7Y om' x (J 7 , Q) WHom x (K*J r , k*Q). 

Proof. By p. 134, Proposition 7.20] we may assume that Q is a bounded 
complex of quasi-coherent injective Ox -modules, vanishing, say, in all degrees > n. 

When T is bounded-above the (well-known) assertion is proved by localizing 
to the affine case and applying |H1I p. 68, Proposition 7.1] to reduce to the trivial 
case T — (0 < m 6 If). To do the same for unbounded T we must first show, 
for fixed G, that the contravariant functor R7iom^-(/-c* T ', k*G) is bounded-above. 

In fact we will show that if H l T = for all i < ia then for all j > n — io , 

HmHom m x (K*F, = H j Kfmiom' x (K*J : , k*G) = H j RHom x (F, k*k*G) = 0. 

The homology in question is the sheaf associated to the presheaf which assigns 

Hom D(c/) (.F| [/ [-j], = Hom D(Lf) (.F| a [-j],R<2 c/ (K»K*£)| c/ ) 

to each affine open subset U — Spec(A) in X. (Here we abuse notation by omit- 
ting jjj in front of RQ^, see beginning of H3.3fl . 

Let U:= k~ 1 U, and A:— r(U,0x), so that k\u factors naturally as 

U = Spf(i) ^ Ui := Spec(i) ±> Spec(A) = U. 

The functors RQjyfc, and k*HQ Ui , both right-adjoint to the natural composition 
D qc (£/) — * D qc ([/ 1 ) <^-> D(J7i), are isomorphic; so there are natural isomorphisms 

B.Q v (k^k*Q)\ v = RQ [/ fc»K 1 „K 1 fc*(t/| (7 ) k^RQir ^, n{k* (G\ v ) ^ k*k* (G\ v ) 

and the presheaf becomes U i— > Hom D ( [ /)(J r | [7 [— j], k r k*(G\ u ))- 

The equivalence of categories D qc ({7) = D(^4 qc (t/)) = D(A) indicated at the 
beginning of M3. 31 yields an isomorphism 

Hom D(a) (^| a [-i],fc*A;*(0y) Hom D( ^(F[-j], G ® A i) 

where F is a complex of A-modules with EPF = for j < io , and both G and G®aA 
are complexes of injective A-modules vanishing in all degrees > n (the latter since 
A is A-flat). Hence the presheaf vanishes, and the conclusion follows. □ 
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2.5. (Dualizing complexes.) Let X be a noetherian formal scheme, and write 
D for D(X), etc. The derived functor r~ Ri^ : D — + D (see Section ri.2.1(l has a 
right adjoint A = Ax := R7YoTO*(Ri^O x , — ). This adjunction is given by l|15|) . a 
natural isomorphism of which we'll need the sheafified form, proved similarly: 

(8) nHom'(M, ATI) = KHom' (rM,TZ). 

There are natural maps r — > 1 — > A inducing isomorphisms Ar A AA, 
rr r rA (Remark ED](1))- Proposition KTH a form of Greenlees- 
May duality, shows that A(D C ) C D c . (Recall that the objects of the A-subcategory 
D c cD are the complexes whose homology sheaves are all coherent.) 

Let D* be the essential image of r |d c , i.e., the full subcategory of D such that 
£ S D* O £ = FT with T G D c . Proposition EO shows that D* C D qct . It 
follows from the preceding paragraph that 

£ G D* T£ £ and A£ G D c , 

feD c T AT and TT G D*. 

(In particular, D* is a A-subcategory of D.) Moreover r and A are quasi-inverse 
equivalences between the categories D c and D*. 

Definition 2.5.1. A complex 1Z is a c- dualizing complex on X if 

(i) 11 e D+(X). 

(ii) The natural map is an isomorphism Ox H7i.om'(lZ,lZ). 

(iii) There is an integer 6 such that for every coherent torsion sheaf M. and for 
every i > b, £xt z (M, K) := H l KHom* (M , TV) = 0. 

A complex 1Z is a t- dualizing complex on X if 

(i) G D+(X). 

(ii) The natural map is an isomorphism 0% H7i.om'(lZ,lZ). 

(iii) There is an integer b such that for every coherent torsion sheaf M. and for 
every i > b, £xt z (M,K):= H l HHom'(M,TZ) = 0. 

(iv) For some ideal of definition 3 of X, RHom*(Ox/3,TZ) G D C (X). 
(Equivalently — by simple arguments — TLHom' (M ,K)eD c (X) for every 
coherent torsion sheaf A4.) 

Remarks. (1) On an ordinary scheme, (iii) signifies finite injective dimension 
|H1I p. 83, Definition, and p. 134, (iii) c ], so both c-dualizing and t-dualizing mean 
the same as what is called "dualizing" in |H1I p. 258, Definition]. (For the extension 
to arbitrary noetherian formal schemes, see (4) below.) 

(2) By (i) and (iv), Proposition 15.2. lT a). and Corollary 15.1.31 any t-dualizing 
complex 1Z is in D c | ct (X); and then (iii) implies that 1Z is isomorphic in D to a 
bounded complex of A qc t-injectives. 

To see this, begin by imitating the proof of |H1I p. 80, (iii)=>(i)], using |Yl 
Theorem 4.8] and Lemma f2.5.fil below, to reduce to showing that if N G -4 qc t(X) 
is such that £xt 1 (M.,N) — for every coherent torsion sheaf M. then M is *4 qc t- 
injective. 

For the last assertion, suppose first that X is affine. Lemma |5 . 1 .41 implies that 
Ttom(A4,Af) G Ag(X); and then Ext 1 (A^,A/') = 0, by the natural exact sequence 

= H 1 (X,Hom(M,N)) — > Ext 1 (A^,A/') — > R°(X,£xt 1 (M,N')). 
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Since coherent torsion sheaves generate A qc t(0C) (Corollary 15.1.31 Lemma 15. 1.4(1 . a 
standard argument using Zorn's Lemma shows that M is indeed „4 qc t-injective. 

In the general case, let U C X be any afhne open subset. For any coherent tor- 
sion Ou-module .Mo, Proposition l5.1.Tl and Lemma 15 . 1 . 41 imply there is a coherent 
torsion Ox-module M. restricting on XL to A4q, whence £ xtli(M.o,-N"\u) = 0. By 
the afhne case, then, Af\u is yt q ct(1i)-injective, hence *4t(U)- injective [£] Propo- 
sition 4.2]. Finally, as in jHll p. 131, Lemma 7.16], using ^ Lemma 4.1], 14 one 
concludes that Af is ^t(X)-injective, hence ^4 qc t(X)-injective. 

(3) With (2) in mind, one finds that what is called here "t-dualizing complex" 
is what Yekutieli calls in ^ §5] "dualizing complex." 

(4) A c-dualizing complex 7Z has finite injective dimension: there is an inte- 
ger no such that for any i > uq and any Ox-module £, Homo(f , TZ[i]) — 0. To see 
this, note first that 



Lemma [2. 5.3( b) below and (2) above show that F1Z is isomorphic to a bounded 
complex of „4 q ct-mjectives. The complex T£ — obtained by applying the functor 
to an injective resolution of £ — consists of torsion Ox-modules, and so as in |Yl 
Corollary 4.3] (see also the proof of Lemma f2 . 5 . 61 below . with Proposition 15.1.21 in 
place of Proposition 13. 1.1(1 . the natural map 




IT (Horn* (r£,m)) -> LT(RHom' (r£,m)) = Rom D (r£,m[i]) 

is an isomorphism. Since T£ vanishes in degrees < 0, the asserted result holds for 
any n such that H % {TTVj = for i > n . 

(5) For a complex 1Z E D+ n D~, conditions (ii) and (hi) in Definition 12.5.11 
hold iff they hold stalkwise for i£l, with an integer b independent of x. (The idea 
is that such an 1Z is locally resolvable by a bounded-above complex T of finite-rank 
locally free Ox-modules, as is M. in (hi), and TLom'(T, 1Z) = WHom* {T ,TZ) . . . .) 
Proceeding as in the proofs of HI , Proposition 8.2, p. 288, and Corollary 7.2, 
p. 283, one concludes that 1Z is c-dualizing iff X has finite Krull dimension and 
1Z X is a dualizing complex for the category of Ox,x-modules for every x € X. (It is 
enough that the latter hold for all closed points x E X.) 

Examples 2.5.2. (1) If 1Z is c-(or t-)dualizing then so is 1Z <g> C[n] for any 
invertible Ox-module and n E Z. The converse also holds, see Proposition 12.5.41 

(2) (Cf. ^ Example 5.12].) If X is an ordinary scheme and n: X — > X is its 
completion along some closed subscheme Z, then for any dualizing Ox-complex 7Z, 
k*TZ is c-dualizing on X, and Fk*1Z = K*Hr z TZ (see Proposition I5.2.4T c11 is a 
t-dualizing complex lying in D*(X). 

Proof. For n*7Z, conditions (i) and (ii) in the definition of c-dualizing follow 
easily from the same for 1Z (because of Lemma \'2. 4 .2(1 . So does (hi), after we reduce 
to the case X affine, where Proposition 13 . 1 . ll allows us to write M. = k*M.q with 
M.Q E A(X). (Recall from remark (1) above that 1Z has finite injective dimension.) 
The last assertion is given by Lemma r2.5.3f b). 

(3) If X = Spf(^4) where A is a complete local noetherian ring topologized 
by its maximal ideal m — so that A(X) is just the category of A-modules — then a 
c-dualizing Ox-complex is an A-dualizing complex in the usual sense; and by (2) 



Eom (£, n[i]) = Hom D (£, \m[i]) = Hom D (r£, m[i]). 




where one may assume that X and X have the same underlying space 
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(via jHll p. 276, 6.1]), or directly from Definition 12.5.11 the injective hull of A/m 
is a t-dualizing complex lying in D*(X). 

(4) It is clear from Definition ^. 5 . 1 1 and remark (4) above that Ox is c-dualizing 
iff Ox has finite injective dimension over itself. By remark (5), Ox is c-dualizing iff 
X is finite dimensional and Ox,x is Gorenstein for all x £ X |H1I p. 295, Definition]. 

(5) For instance, if the finite-dimensional noetherian formal scheme ^ is regular 
(i.e., the local rings 0^ tV (y £ y) are all regular), and X is a coherent Oy-ideal, defin- 
ing a closed formal subscheme i: X =— > V [GDI p. 441,(10.14.2)], then by remark (3), 
RWom*(i*0 x , Oy) is c-dualizing on X. So Lemma 12 . 5 . 31 gives that 

RHom' (Oy /I, Riy ) = RF X RHom' (i*O x , O y ) € D* (X) 



is t-dualizing on X. (This is also shown in ^3 Proposition 5.11, Theorem 5.14].) 



Lemma 2.5.3. (a) If 1Z € D* is t-dualizing then ATZ is c-dualizing. 
(b) // TZ is c-dualizing then TTZ is t-dualizing, and lies in D*. 

Proof, (a) If TZ £ D* then of course A7Z € D c . Also, A(D+) C D+ because 
Ri^O x is given locally by a finite complex K.^, see proof of Proposition l5.2.lT a'). 

For condition (ii), note that if TZ £ Di. t (X) then TTZ = TZ (Proposition 15. 2. T|l . 
then use the natural isomorphisms (see JSJ): 

RHom* (ATZ , ATZ) ^ RHom' (r ATZ, TZ) RHom* (TTZ ,TZ) ^ RHom'(TZ, TZ). 

For (iii) note that rM = M (Proposition 15. 2. l|l . then use JSJ|. 

(b) Proposition 15 . 2 . II makes clear that if TZ £ D+ then FTZ £ D+ Ct n D*. 
For (ii) use the isomorphisms (the second holding because TZ £ D c ): 

RHom'(rTZ,rTZ) i RHom' (m,TZ) RHom' (TZ,TZ). 

15.2.31 l6.2.ll 

For (iii) use the isomorphism RHom'(A4. rTZ) = RHom' (A4.TZ). For (iv), 

15.2.31 

note that when M. = Ox 13 (3 any ideal of definition) this isomorphism gives 

RHom'(O x /3,nZ) £* RHom'(O x /3,n)£n c , a 

The essential uniqueness of t-(resp. c-)dualizing complexes is expressed by: 

PROPOSITION 2.5.4. (a) (Yekutieli) // TZ is t-dualizing then a complex TZ' is t- 
dualizing iff there is an invertible sheaf C and an integer n such that TZ' = TZ® C[n\. 

(Jo) If TZ is c-dualizing then a complex TZ' is c-dualizing iff there is an invertible 
sheaf C and an integer n such that TZ' =TZ ® C[n]. 

Proof. Part (a) is proved in \V\ Theorem 5.6]. 

Now for a fixed invertible sheaf C there is a natural isomorphism of functors 
(9) A(T ® C) ^ AT ® C (feD), 

as one deduces, e.g., from a readily-established natural isomorphism between the 
respective right adjoints 

rs ® cr 1 ^- r{£ <g> c 1 ) (s e d). 
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Part (b) results, because FTZ' and m are t-dualizing fLcmma l2.5.3|l . so that 
by (a) (and taking T ':= riZ[n] in J^J) we have isomorphisms 



Corollary 2.5.5. If X is locally embeddable in a regular finite- dimensional 
formal scheme then any t-dualizing complex on X lies in D*. 

Proof. Whether a t-dualizing complex 1Z satisfies A7Z G D c is a local question, 
so we may assume that X is a closed subscheme of a finite-dimensional regular formal 
scheme, and then Example 12. 5. 2f 5) shows that some — hence by Proposition 12 . 5 .41 
any — t-dualizing complex lies in D*. □ 

Lemma 2.5.6. Let X be a locally noetherian formal scheme, let I be a bounded 
complex of ^4 qct (X) -infectives, say X 1 — for all i > n, and let T G D + (X), 
say H l (T) — for all I < —m. Suppose there exists an open cover (X Q ) of X by 
completions of ordinary noetherian schemes X a along closed subsets, with com- 
pletion maps K a : X a — > X a , such that for each a the restriction of T to X a is 
D -isomorphic to K^F a for some F a G T)(X a ). Then 



Moreover, if X has finite Krull dimension d then 

Ext l (J^, X) := if i RHom x (.F, X) = Q for alH > m + n + d. 

Remarks. In the published version of this paper (Contemporary Math. 244) 
Lemma |2.5.6I stated: Let T G Dg and let X be a bounded-below complex of -Aq C t- 
injectives. Then the canonical map is a D -isomorphism 

Jiom'(T,X) RHom'iF,!). 

Suresh Nayak pointed out that the proof given applies only to .A^-complexes, not, 
as asserted, to arbitrary T G Dg. (Cf. p3 Corollary 4.3].) Lemma [2.5.61 is used 
four times in §2.5, so these four places need to be revisited. (There are no other 
references to Lemma 2.5.6 in the paper.) 

First, in Remark (2) on p. 24, the reference to Lemma 2.5.6 is not necessary: 
the cited theorem 4.8 in \V\ (see also Proposition 15.3.11 below) shows that the 
t-dualizing complex TZ is D-isomorphic to a bounded-below complex X" of A qc t~ 
injectives; and then one can proceed as indicated to show that for some n the 
(bounded) truncation a< n X" is *4 qc t-injective and D-isomorphic to X" . (To follow 
the details, it helps to keep in mind 5.1.3 and 5.1.4 below.) 

Since, by Remark (2), any t-dualizing complex is D-isomorphic to a bounded 
complex of „4 qc t-injectives, in view of Propositions 3.3.1 and 5.1.2 one finds that 
the remaining three references to Lemma 2.5.6 can be replaced by references to the 
present Lemma \'2. 5 .61 For the reference in the proof of 2.5.7(b) this is clear. The 
same is true for Remark (4) on p. 25, but i > no at the end should be i > no + d, 
where, by Remark (5), the Krull dimension d of X is finite. Finally, for the reference 
in the proof of 2.5.12, one can note, via 5.1.4 and 5.1.2, that D* C D qct C Dj . 

Proof Of I2.5.61 By the proof of Proposition 4.2], „4 qct -injectives are just 
direct sums of sheaves of the form J{x) (x G X), where for any open IX C X, 
r(U, J{x)) is a fixed injective hull of the residue field of Ox.x if x G It, and van- 
ishes otherwise. Hence the restriction of an „4 qct (X)-injective to an open V C X 



n' = A(rn') = A{rn ® c[n]) 

(Am) C[n] =11® C[n}. 



(C invertible, neZ) 
□ 



Ext 1 (J 7 , X) := H l WKom' x (T, I) = for all i > m + n. 
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is ^4q C t(V)-injective; and so the first assertion is local. Thus to prove it one may 
assume that X itself is a completion, with completion map k: X — > X, and that 
in D(X), T = k*F for some F £ T)(X). As k*, being exact, commutes with the 
truncation functor <r>_ m , there are D-isomorphisms (the first as in [HT( p. 70]): 

T = o>- m T = a>- m K*F = n*a>- m F; 

so one can replace F by cr>_ m F and assume further that F = for all I < —m. 

From the above description of _4 qct -injectives, one sees that bounded 
complex of Ox-injectives, vanishing in degree > n. Since k* is exact, therefore for 
all i > to + n, 

K.ff'RHom^f,!) = H l K*RHom x (n*F,l) 

= H l W-Lom' x {F, k*I) [Sp] p. 147, 6.7(2)] 

= H l Hom' x (F, k*1) = 0, 

and hence H t WHom x {T ,X) = 0. 

If X has Krull dimension d, and L:= T(X, — ) is the global-section functor, then 
by a well-known theorem of Grothendieck the restriction of the derived functor RX 
to the category of abelian sheaves has cohomological dimension < d; and so since 
RHomj = HVRJ-Com^r |L4I Exercise 2.5.10(b)], the second assertion follows from 
[L4l Remark 1.11.2(iv)]. □ 

Proposition ^. 5.81 below brings out the basic property of the dualizing functors 
associated with dualizing complexes. (For illustration, one might keep in mind the 
special case of Example 12 . 5 . 2f 3 ) . ) 

Lemma 2.5.7. Let 1Z be a c-dualizing complex on X, let lZ t be the t-dualizing 
complex lZ t '■= riZ, and for any £ £ D set 

V£:= RHom'(£,1l), V t £:= RHom'(£, 1Z t ). 

(a) There are functorial isomorphisms 

Av t = av^va^v^vt ^ v t r. 

(b) For all T £ D c , T>T £ D c and there is a natural isomorphism T> t J- = TV J- '. 
Proof, (a) For any £ £ D, Proposition 16 . 2 . ll gives the isomorphism 

V£ = RHom'(£,K) miom'{r£,1l) = VT£. 

In particular, T>A£ ^ VFA£ = VF£. Thus V = VF = VA. 

Furthermore, using that the natural map rO% <H> £ — > F£ is an isomorphism 
(localize, and see |A.TLI p. 20, Corollary (3.1.2)]) we get natural isomorphisms 

RHom'{rOx,Hom'(£;n)) Hom'(r£. 11) S RHom' (IY , m) 

= KHom' {rO% , Horn' (£ , m) ) , 

giving AV = Vr = V t r = AV t . 

(b) Given remark (2) following Definition 12. 5. II Lemma f2 . 5 . 61 implies that the 
functor T> t :— RWom*(— ,72-t) is bounded on D^. The same holds for T> = T> t r 
(see (a)), because r(Dg) C D qct C (Xemma I5.1.4|) . and r is bounded. (P is 
given locally by tensoring with a bounded flat complex TC^ , see proof of Proposi- 
tion E2U»). 

Arguing as in Proposition 13.2.41 we see that T>tT:= R7io7n*(J r , 72. t) S D qct , so 
that FV t T V t T (Proposition EiHIIIa)); and similarly, VT £ D c . Further- 
more, the argument in Remark 15 . 2 . 1 Of 4) gives an isomorphism FV^T = FT)T. □ 
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Proposition 2.5.8. With notation as in Lemma 12". 5. 71 we have, for ^,feD: 

(a) £ £ D* O t f G D c and the natural map is an isomorphism £ T> t T>t£. 

(b) T £ D c T>T £ D c and the natural map is an isomorphism T T7DT . 

(c) T £ D c <^=> T> t J- £ D* and i/ie natural map is an isomorphism T T>tDt!F . 

Remark. The isomorphism F T> t T>tJ- is a formal version of "Affine Duality, " 
see \K1U §5.2]. 

Proof. For T £ D c , Lemma EEHb) gives PJ 7 € D c , so 2? t J" = TPJ^ £ D*. 
Moreover, from the isomorphism T>^FT = T>T of Lemma [2.5.7f a) it follows that 
T>t(D*) C D c . The <= implications in (a), (b) and (c) result, as do the first parts 
of the implications. 

Establishing the isomorphisms PI? J 7 <- 21 - T T> t V^T is a local problem, so 
we may assume X affine. Since the functors T> and T> t are bounded on (see proof 
of Lemma l2.5.7f b)). and both take D c into Dg, therefore the functors T>T> and T){Dt 
are bounded on D c , and so jHll p. 68, 7.1] (dualized) reduces the problem to the 
tautological case T = Ox (cf. |H1I p. 258, Proposition 2.1].) 

For assertion (a) one may assume that £ = TT (T £ D c ), so that there is a 
composed isomorphism (which one checks to be the natural map): 

£ = TT = rVDT ^ V t VT ^ V % V % TT = V t V t £. □ 

l2.5.Vl b^ b.S.VI a - ! 

Corollary 2.5.9. With the preceding notation, 

(a) The functor T> induces an involutive anti- equivalence of D c with itself. 

(b) The functor T> t induces quasi-inverse anti- equivalences between D c and D*. 

Lemma 2.5.10. Let 3 be an ideal of definition of X. Then a complex TZ £ D c 
(resp. TZ £ D qct ) is c-dualizing {resp. t-dualizing) iff for every n > the complex 
RTlom* (Ox I 3 n , TZ) is dualizing on the scheme X n := (X 7 Ox/3 n )- 

Proof. Remark (1) after Definition 12 . 5.11 makes it straightforward to see that 
if TZ is either c- or t-dualizing on X then YLTiom' (Ox /3 n , TZ) is dualizing on X n . 
For the converse, to begin with, Corollary 15.2.31 gives 

RHom'(Ox/3 n , TZ) = B.Hom'(Ox/3 n , m), 

and it follows from Lemma ['2. 5. 31 that it suffices to consider the t-dualizing case. So 
suppose that TZ £ D qct and that for all n, RHom' (Ox /3 n , TZ) is dualizing on X n . 
Taking TZ = 1Z in the proof of |Y| Theorem 5.6], one gets Ox HHom' (TZ, 1Z). 

It remains to check condition (iii) in Definition ^. 5. II We may assume TZ to be 
K-injective, so that 7Z n := Horn* (Ox /3 n , TZ) is K-injective on X n for all n. Then, 
since FJ-TZ ^ RT^TZ ^ TZ (Proposition l5XTT a)L 

H l TZ WT^TZ W mxi Kn = hmWKn (i £ Z). 

For each n, 7Z n is quasi-isomorphic to a residual complex, which is an injective 
Ox n -courp\ex vanishing in degrees outside a certain finite interval I .= [a,b] ( |H1I 
pp. 304-306]). If m < n, the same holds — with the same I — for the complex 
1Z m ^Hom Xn (Ox/3 m ,TZ n ). It follows that WK = for i <£ I. In particular, 
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So now we we may assume that 1Z is a bounded-below complex of .A qc t-mjectives 
|Yl Theorem 4.8]. Then for any coherent torsion sheaf M., the homology of 

RHom^ (M,1Z) g Hom% (M,1Z) = Hom m x (M , lim TZ n ) = lim Komj (M,K n ) 

12.5.61 n ! „ ' 

vanishes in all degrees > b, as required by (iii). □ 

Proposition 2.5.11. Let f: X — > V iie o pseudo-proper map of noetherian 
formal schemes. 

(a) J/ 7?. is a t-dualizing complex on y, then f*lZ is t-dualizing on X. 

(b) If 7Z is a c-dualizing complex on y, then f 7Z is c-dualizing on X. 

Proof, (a) Let 3 be a defining ideal of X, and let J be a defining ideal of y such 
that JOx C 3- Let X a := (X, O x /3) ^> X and Y 3 := (y, Oy /J) A V be the resulting 
closed immersions. Example 16 . 1 .'Si 4) shows that i^TZ = HTConi* (Oy /3,1Z), which 
is a dualizing complex on Yj . Pseudo-properness of / means the map /jg : JTg — > Yj 
induced by / is proper, so as in [V] p. 396, Corollary 3] (hypotheses about finite 
Krull dimension being unnecessary here for the existence of / t x , etc.), 



is a dualizing complex on Xg . The assertion is given then by Lemma 12.5.101 



(b) By Proposition f*TZ E D C (X). By Corollary EIM Lemma EEJb), 

and the just-proved assertion (a), 



is t-dualizing on X. So by Lemma r2.5.3f aL f*TZ = AxR,r%f # 7Z is c-dualizing. □ 

The following proposition generalizes |H1I p. 291, 8.5] (see also |H1I middle of 
p. 384] and V, p. 396, Corollary 3]). 

Proposition 2.5.12. Let f: X — > y be a pseudo-proper map of noetherian 
formal schemes. Suppose that y has a c-dualizing complex 7Z C , or equivalently (by 
Lemma 12.5.31 ') . a t-dualizing complex TZt E D*(y), so that f # 7Z c is c-dualizing 
(resp. f^TZt is t-dualizing) on X ( Provosition 12.5.111) . Define dualizing functors 



/*£ s v?Lrv?s, {£ e D c *(y) n D+(y)), 

f*£^V?Lf*V?£ (£eD+(y)). 
PROOF. When £ E D*(y) n D+(y) (resp. £ € D+(y)) set T := V^£ (resp. 



T\= V^£). In either case, T E D c (y) (Proposition ESS , and also T E D~(y)— 
in the first case by remark (2) following Dcfinition l2.5.1l and Lemma \'2. 5. 61 in the 
second case by remark (1) following Definition 12. 5. II So, by Proposition 12.5.81 we 
need to find natural isomorphisms 



Such isomorphisms are given by the next result — a generalization of |H1I p. 194, 



KHom'(O x /3, f t x TZ) £* ]?f*K S (/ 3a ) t x i t x ft 



RFjrfTZ^tflZ^fflirJIZ, 




V^(-):=RHom' y {-,TZ c ), 
V?(-):=RHom' x (-J*K c ). 



8.8(7)]— for Q:= 1Z t (resp. 1Z C ). 



□ 
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Proposition 2.5.13. Let f: X — > y be a map of noetherian formal schemes. 
Then for T G D~(y) and £/ £ D + (y) f/iere are natural isomorphisms 

R^(L/T,/ t x 6) /*RWom^,S), 
RWom x (L/*jF,/ # a) / # RHoto'(.F,£). 

Proof. The second isomorphism follows from the first, since /* = A/ t x and 
since there are natural isomorphisms 

ARHom x (Lf*F, f*Q) = RHom^R/JO*, RWom x (L/*.F, / x g)) 
= R7iom- x (R^O x ® L/*.F, /*£)) 
= RWom x (L/*JP, RW m x (R^O x , / x £)) 
= RHom- x (Lf*T, f*G). 

For hxed .F the source and target of the first isomorphism in Proposition ^ . 5 . 131 
are functors from D + (y) to D qct (X) (see Proposition 13 . 2 ,4|l . right adjoint, respec- 
tively, to the functors R/*(£ ® L/*^) and R/*£ <g) JF (£ G D qct (X)). The functorial 
"projection" map 

R/*£ <§ F -> R/*(£ <§ L/*.F), 
is, by definition, adjoint to the natural composition 

L/*(R/*£ <§ .F) _> L/*R/»£ ® L/*F -> £ ® Lf*f; 

and it will suffice to show that this projection map is an isomorphism. 

For this, the standard strategy is to localize to where y is affine, then use 
boundedness of some functors, and compatibilities with direct sums, to reduce to the 
trivial case T — Oy. Details appear, e.g., in |L4j pp. 123-125, Proposition 3.9.4], 
modulo the following substitutions: use in place of D qc , and for boundedness 
and direct sums use Lemma f5 . 1 .41 and Propositions 13. 4. 3T b) and 13.5.21 below. □ 

3. Direct limits of coherent sheaves on formal schemes. 

In this section we establish, for a locally noetherian formal scheme X, properties- 
of A?(X) needed in 21 to adapt Deligne's proof of global Grothendieck Duality to 
the formal context. The basic result, Proposition 13 . 2 . 2l is that A?(X) is plump (see 
opening remarks in hence abelian, and so (being closed under lim ) cocomplete, 
i.e., it has arbitrary small colimits. This enables us to speak about T)(Ag(X)), and 
to apply standard adjoint functor theorems to colimit-preserving functors on _Ag(X). 
(See e.g., Proposition 13.2.31 Grothendieck Duality for the identity map of X). 

The preliminary paragraph s, ll sets up an equivalence of categories which allows 
us to reduce local questions about the (globally defined) category Ag(X) to corre- 
sponding questions about quasi-coherent sheaves on ordinary noetherian schemes. 
Paragraph 13.31 extends this equivalence to derived categories. As one immediate 
application, Corollary 13 . 3 .41 asserts that the natural functor T)(Ag(X)) — ► Dj(X) is 
an equivalence of categories when X is properly algebraic, i.e., the J-adic completion 
of a proper _B-scheme with B a noetherian ring and J a B-ideal. This will yield a 
stronger version of Grothendieck Duality on such formal schemes — for Dj(X) rather 
than D(Ac(X)), see Corollary 14.1.11 We do not know whether such global results 
hold over arbitrary noetherian formal schemes. 
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Paragraph s. 41 establishes boundedness for some derived functors, a condition 
which allows us to apply them freely to unbounded complexes, as illustrated, e.g., 
in Par agraph ia. 51 

3.1. For X a noetherian ordinary scheme, Ag(X) = A qc {X) [GUI p. 319, 6.9.9]. 
The inclusion j x : A qc {X) — > A(X) has a right adjoint Qx : A(X) — ► A qc {X), 
the "quasi-coherator," necessarily left exact |T| p. 187, Lemme 3.2]. (See Proposi- 
tion 13.2.31 and Corollary 15.1.51 for generalizations to formal schemes.) 

Proposition 3.1.1. Let A be a noetherian adic ring with ideal of definition I, 
let fo '■ X — > Spec(A) be a proper map. set Z := f t ^ 1 Spec{A/I), and let 

k\ X = Xjz — > X 

be the formal completion of X along Z. Let Q\— Qx be as above. Then n* induces 
equivalences of categories from A qc {X) to Ac(X) and from A C {X) to *4 C (X), both 
with quasi-inverse Qk*. 

Proof. For any quasi-coherent Ox -module Q the canonical maps are isomor- 
phisms 

(3.1.2) n l (x 7 g) w{x,K*K*g) = B i {x, K *Q) (*>o). 

(The equality holds because transforms any fiasque resolution of k*Q into one 

of K*K*Q.) 

For, if {Qx) is the family of coherent submodules of Q, ordered by inclusion, 
then X and X being noetherian, one checks that (|3.1.2|l is the composition of the 
sequence of natural isomorphisms 

W{X, Q) U l {X, lim Qx) ISH p. 319, (6.9.9)] 
lim W{X,Qx) 

lim ff(X, K*Q X ) [EG A I p. 125, (4.1.7)] 
H*(X, hm k*Q x ) 

H l (X,K*lim Qx) E?(X,k*Q). 
Next, for any Q and TL in A qc {X) the natural map is an isomorphism 

(3.1.3) Kom x {Q,H) Hom x ( K *£, k*H) 

For, with Qx as above, (|3.1.3|l factors as the sequence of natural isomorphisms 
Horn* {Q,H) lim Hom x {Qx,H) 

X 

\imH {X,Homx(Qx,H)) 

' X 

lim B°{X,K*Hom x {Qx,'H)) (see 6HZ> ) 

X 

\imR {X,Homx{K*Qx,K*H)) 
lim Homx(«*0A,K*W) 

Homx(lim k*Qx,k*H) Homx{n*Q, k"H). 

A 

Finally, we show the equivalence of the following conditions, for T £ A{X): 

(1) The functorial map a{T) : k*Qk*T — » (adjoint to the 
canonical map Qk*T — > k»JF) is an isomorphism. 
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(2) There exists an isomorphism k*Q T with Q £ A qc (X). 

(3) feA-(X). 

Clearly (j***) =>■ {"*}; and 101 => © because lim A n*Gx n*G (G\ as before). 

Since k* commutes with lim and induces an equivalence of categories from 
A C (X) to A C {X) jEGAI p. 1507(5.1.6)], we see that © => ®. 

For Q € A qc (X), let /3(£): 5 — > Qk*k*Q be the canonical map (the unique 
one whose composition with Q tv^itv Q ^ K*K Q is the canonical map Q — > k*k*Q). 
Then for any TL € A qc (X) we have the natural commutative diagram 

Hom(H,G) via/3 > Hom(H,QK*K*£) 

4 1- 

Hom(K*W, — ) Hom(W, «;*«;*£) 

where the left vertical arrow is an isomorphism by i|3.1.3|) . the right one is an 
isomorphism because Q is right-adjoint to A qc (X) A(X), and the bottom arrow 
is an isomorphism because is right-adjoint to k*; so "via (3" is an isomorphism 
for all 7i, whence /3(G) is an isomorphism. The implication J""} C"J follows now 
from the easily checked fact that a(K*G)° k*(3(G) is the identity map of n*Q. 

We see also that Qk*(A c (X)) C A c (X), since by jEGAI p. 150, (5.1.6)] every 
T € -4 C (X) is isomorphic to k*Q for some Q € A C (X), and (3(G) is an isomorphism. 

Thus we have the functors k* : A qc (X) — > -4c(X) and Qk*: >4j(X) — > .4q C (X), 
both of which preserve coherence, and the functorial isomorphisms 

a(T): k*Qk.,T T (f e A S (X)); (3(G): Q Qk*k*G (G € A qc (X)). 

Proposition 13 . 1 . ll results. □ 

Since k* is right-exact, we deduce: 

Corollary 3.1.4. For any affine noetherian formal scheme X, T € A?(X) iff 
J- is a cokernel of a map of free Ox-modules (i.e., direct sums of copies of 0%). 

COROLLARY 3.1.5. For a locally noetherian formal scheme X, Ae(X) C _4 qc (X), 
i.e., any lim of coherent Ox-modules is quasi- coherent. 

Proof. Being local, the assertion follows from Corollary 13. 1.41 □ 

COROLLARY 3.1.6 (cf. [""""J 3.4, 3.5]). For a locally noetherian formal scheme X 
let T and G be quasi- coherent Ox -modules. Then: 

(a) The kernel, cokernel, and image of any Ox-homomorphism T — > G are 
quasi- coherent. 

(b) J- is coherent iff T is locally finitely generated. 

(c) // T is coherent and G is a sub- or quotient module of T then G is coherent. 

(d) If T is coherent then TLom(!F, G) is quasi- coherent; and if also G is coherent 
then H.om(J-,G) is coherent. (For a generalization, see Provosition 13.2.4*1 ) 

Proof. The questions being local, we may assume X = Spf(A) (A noetherian 
adic), and, by Corollary 13. 1.41 that J- and G are in As(X). Then, k* being exact, 
Proposition ^ . 1 . ll with X := Spec(A) and fo := identity reduces the problem to not- 
ing that the corresponding statements about coherent and quasi- coherent sheaves 
on X are true. (These statements are in [GDI p. 217, Cor. (2.2.2) and p. 228, 
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§(2.7.1)]. Observe also that if F and G are Ox-modules with F coherent then 
Homx{K*F,K*G)^ K*Hom x {F,G).) □ 

COROLLARY 3.1.7. For a locally noetherian formal scheme X, any F G -Ag(X) 
is the lim of its coherent Ox-submodules. 

Proof. Note that by Corollary 13 . 1 . 6f a) and (b) the sum of any two coherent 
submodules of F is again coherent. By definition, F — lim fi F^ with F^ coherent, 
and from Corollary 13 . 1 . 6f a) and (b) it follows that the canonical image of F^ is a 
coherent submodule of F, whence the conclusion. □ 

COROLLARY 3.1.8. For any affine noetherian formal scheme X, any F € Ag(X) 
and any i > 0, 

ff(X,^) = 0. 

Proof. Taking fo in Proposition ^ . 1 . ll to be the identity map, we have F = k*Q 
with g quasi-coherent; and so by l|3~0]) . FF(X, F) ^ H*(Spec(A), Q) = 0. □ 

3.2. Proposition 13 . 1 . Tl will now be used to show, for locally noetherian formal 
schemes X, that Ac(X) C A(X) is plump, and that this inclusion has a right adjoint, 
extending to derived categories. 

Lemma 3.2.1. Let X be a noetherian formal scheme, let F € ^4. C (X), and let 
(0a,7a/3: Gp — * 0a)a,/3eo be a directed system in A C {X). Then for every q>0 the 
natural map is an isomorphism 

lim Ext 9 (T, g a ) -^-> Ext g (.F, lim Q a ). 

Proof. For an Ox-module A4, let E(A4) denote the usual spectral sequence 
E pq (M):^U p (X 1 £xt q (F,M)) ^ Ext p+q (F,M). 
It suffices that the natural map of spectral sequences be an isomorphism 
lim Fi(g a ) E(lim g a ) (lim := lim), 

and for that we need only check out the E pq terms, i.e., show that the natural maps 
lim FP(X, £xt q (F, &.))-> H P (X, lim £xt q (F, Q a )) -> H P (X, £xt q (F, lim Q a )) 

are isomorphisms. The first one is, because X is noetherian. So we need only show 
that the natural map is an isomorphism 

lim £xt q {F,g a ) £xt q {T,\im Q a ). 

For this localized question we may assume that X = Spf (^4) with A a noetherian 
adic ring. By Proposition ^. 1 . ll (with fo the identity map of X := Spec(A)) there is 
a coherent O^-module F and a directed system (G a ,g a p: Gp — > G a ) a ,p e n of co- 
herent Ox -modules such that F = k*F, g a = n*G a , and j at p = K*g a ,p- Then the 
well-known natural isomorphisms (see jEGAI (Chapter 0), p. 61, Prop. (12.3.5)]— 
or the proof of Corollary 13.3.21 below) 

lhnExt%{F,G a ) -=^> lim n*£xt x (F, G a ) K*ljm£xt x (F,G a ) 

K*£xt x (F, ]im G a ) £xt%{K*F, ft* lim G a ) £xt x {F, lim g a ) 

give the desired conclusion. □ 
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Proposition 3.2.2. Let X be a locally noetherian formal scheme. If 

J- 1 — ► J- 2 — ► T — * J 7 3 — ► .F4 

is an exact sequence of Ox-modules and if T\ y T<x, T% and are all in ,4 qc (X) 
{resp. Ag(X)) then T G „4 qc (X) (resp. Ag(X)). Thus _A qc (X) andA?(X) are plump — 
hence abelian — subcategories of A(X), and both D qc (X) and its subcategory Dj(X) 
are triangulated subcategories of D(X). Furthermore, A^(X) is closed under arbi- 
trary small A(X)-colimits. 

Proof. Part of the A qc case is covered by Corollary 13. 1 . . and all of it by 
|Yl Proposition 3.5]. At any rate, since every quasi-coherent Ox-module is locally 
in As C A qc (see Corollaries 13. 1 .41 and 13 . 1 . fif . it suffices to treat the As case. 

Let us first show that the kernel IC of an A? map 

ip: VunpHfj = H — > Q = Vun a G a (Ga , Hp € APQ) 
is itself in A^(X). It will suffice to do so for the kernel Kp of the composition 

, n, natural ~, ip n 

Wp ■ Hp > n y, 

since /C = lim g Kp . 

By the case q — of Corollary 13. 2. II there is an a such that tpp factors as 

n, typct n natural n 

Hp > y a > y ; 

and then with Kg a i (a' > a) the (coherent) kernel of the composed map 

natural 

rip > y a ► y a > 

we have K,p = lim Q / K.p a > 6 ^lf(X). 

Similarly, we find that coker(ip) E Ac(X). Being closed under small direct sums, 
then, As{X) is closed under arbitrary small ^4(X)-colimits |M1I Corollary 2, p. 109]. 

Consideration of the exact sequence 

— > coker(J^i -► T 2 ) — > T — > kci(F 3 -> T A ) — ► 

now reduces the original question to where T\ = T\ — 0. Since T-& is the lim of 
its coherent submodules (Corollary I3.1.7|l and T is the lim of the inverse images 
of those submodules, we need only show that each such inverse image is in Ac(X). 
Thus we may assume Tz coherent (and Ti = ]im a Ga with Q a coherent). 
The exact sequence — > F2 — ► F — ► <7"3 — ► represents an element 

r, G Ext 1 (^ 3 , T 2 ) = Ext 1 (^ 3 , Hm a S Q ); 

and by Corollarv l3.2.1l there is an a such that 77 is the natural image of an element 
rf a G Ext 1 (^"3, G a ), represented by an exact sequence — > C7q. — > T a — > J- 3 — > 0. 
Then .F Q is coherent, and by M2| p. 66, Lemma 1.4], we have an isomorphism 

Thus F is the cokernel of a map in Ac(X), and so as above, T G As(0C). □ 

Proposition 3.2.3. On a locally noetherian formal scheme X, the inclusion 
functor j%: As(X) A(X) has a right adjoint Qx- A(X) — > .A^(X); and RQ^ is 
right-adjoint to the natural functor T) (Ac (X)) — > D(X). In particular, if k: X — > X 
is as in Provosition I3.1.T1 then Qx = k*Qxk* and HQx — k*HQxk* ■ 
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Proof. Since Ae(X) has a small family of (coherent) generators, and is closed 
under arbitrary small .A(X)-colimits, the existence of Q x follows from the Special 
Adjoint Functor Theorem ([0 p. 90] or [Mil p. 126, Corollary]). 15 

In an abelian category A, a complex J is, by definition, K-injective if for each 
exact ^4-complex G, the complex Hom^(G, J) is exact too. Since j% is exact, 
it follows that its right adjoint Q x transforms K-injective _A(X)-complexes into 
K-injective ^(X)-complexes, whence the derived functor RQx * s right-adjoint to 
the natural functor D(_4j(X)) — * D(X) (see |Sp| p. 129, Proposition 1.5(b)]). 

The next assertion is a corollary of Proposition 13. 1 . ll any M. £ Ac(X) is iso- 
morphic to k*G for some Q £ A qc (X), and then for any AT £ A(X) there are natural 
isomorphisms 

Rom x (3 X M,JV) = Uom x (j X K*g,JV) 

^ UomxUxG, kM) = Hom_4 qc(X )(C?, Q x n*Af) 

= Hom_4 F(X )(K*^, K*QxK*J\f) = Hom_4 E ( X) (7W, k*Q x k*N). 

Moreover, since has an exact left adjoint (viz. n*), therefore, as above, k* trans- 
forms K-injective yl(X)-complexes into K-injective .A(A)-complexes, and it follows 
at once that RQ X — D 

Let X be a locally noetherian formal scheme. A property P of sheaves of 
modules is local if it is defined on A(VL) for arbitrary open subsets IX of X, and 
is such that for any £ £ A(U) and any open covering (U Q ) of U, P(£) holds iff 
P(£|uJ holds for all a. 

For example, coherence and quasi-coherence are both local properties — to which 
by Proposition 13.2.21 the following Proposition applies. 

Proposition 3.2.4. Let X be a locally noetherian formal scheme, and let P be 
a local property of sheaves of modules. Suppose further that for all open U C X the 
full subcategory Ap(U) of A(U) whose objects are all the £ € A(IV) for which P(£) 
holds is a plump subcategory of A(U). Then for all T G D~(X) and Q £ Dp(X), 
it holds that TLHom* (J 7 , Q) £ D+(X). 

Proof. Plumpness implies that Dp(X) is a triangulated subcategory of D(X), 
as is D C (X), so Hi , p. 68, Prop. 7.1] gives a "way-out" reduction to where T and Q 
are Ox-modules. The question being local on X, we may assume X affine and 
replace T by a quasi-isomorphic bounded-above complex T* of finite-rank free 
Ox-modules, see jcTnl p. 427, (10.10.2)]. Then TLHom' (J 7 ' , G) = Hom'^', Q), 
and the conclusion follows easily. □ 

3.3. Proposition ^ . 2 . 3l applies in particular to any noetherian scheme X. When 
X is separated, j x induces an equivalence of categories j x : D(_A qc (X)) = D qc (X), 
with quasi-inverse RQx|D qc (A")- (See jHll p. 133, Corollary 7.19] for bounded-below 
complexes, and BN, p. 230, Corollary 5.5] or [AJLI p. 12, Proposition (1.3)] for 
the general case.) We do not know if such an equivalence, with "c " in place of "qc," 
always holds for separated noetherian formal schemes. The next result will at least 
take care of the "properly algebraic" case, see Corollary 13.3.41 



5 It follows that A.g(X) is closed under all ,A(X)-colimits (not necessarily small): if F is any 
functor into Ag(X) and T 6 A(X) is a colimit of j x oF, then QxF i s a colimit of F, and the 
natural map is an isomorphism T jxQx^- (Proof: exercise, given in dual form in |F| p. 80].) 
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PROPOSITION 3.3.1. In Proposition 13.1.11 the functor k* : T>(X) — ► D(X) m- 

duces equivalences from D qc (X) to Dj(X) and from D C (X) to D C (X), both with 
quasi-inverse RQk* (where RQ stands for jjoRQ^). 

PROOF. Since k* is exact, Proposition 13 . 1 . II implies that K*(D qc (X)) C D 5 (X) 
and k*(D c (X)) C D C (X). So it will be enough to show that: 

(1) If T £ D^(X) then the functorial D(X)-map k*RQk»JF — * T adjoint to the 
natural map RQk^J- — > n^T is an isomorphism. 

(2) If Q £ D qc (X) then the natural map Q HQk^^Q is an isomorphism. 

(3) If T e D C (X) then RQk^T e T> C (X). 

Since Dj(X) is triangulated (Proposition |^^^J), we can use way-out reasoning 
|H1I p. 68, Proposition 7.1 and p. 73, Proposition 7.3] to reduce to where T or Q is 
a single sheaf. (For bounded-below complexes we just need the obvious facts that 
k* and the restriction of RQk» to D^(X) are both bounded-below (= way-out right) 
functors. For unbounded complexes, we need those functors to be bounded-above 
as well, which is clear for the exact functor k*, and will be shown for RQk*|d e (X) 
in Proposition 13.4.41 below . ) 

Any T £ -4^(X) is isomorphic to n*Q for some Q £ A qc (X); and one checks 
that the natural composed map k*Q — ► k*RQk*k*C7 — > k*Q is the identity, whence 
(2) => (1). Moreover, if F £ A C (X) then Q = Qk*T £ A C (X), whence (2) (3). 

Now a map tp : Q% — ► Q2 in D+.(X) is an isomorphism iff 

(*): the induced map Hom D (x)(£ [— n], Q\) — > Hom D (x)(£ [—n], G2) 
is an 

isomorphism for every £ £ A C (X) and every n £ 7L. 
(For, if V is the vertex of a triangle with base <p, then (*) says that for all £, n, 
Horrirj(x)(£ l~~ n ]i V) — 0; but if tp is not an isomorphism, i.e., V has non-vanishing 
homology, say H n (V) 7^ and H l (V) — for all i < n, then the inclusion into H n (V) 
of any coherent non-zero submodule £ gives a non-zero map £[— n] — > V.) So for (2) 
it's enough to check that the natural composition 

Hom D (x)(£[-n], Q) — ► Hom D(X )(£ [-«], HQk*k*Q) 

Hom D (x)(5[-n],K*K*6) Hom D (X) k*Q) 

is the isomorphism Ext^-(£,(?) ExtJ(K*£, k*(?) in the following consequence 
of En~2|) : 

Corollary 3.3.2. Mi/i k: X — > X as in Proposition 13.1.11 and C £ D qc (X), 
the natural map Rr(A, C) — ► Rr(X, k*£) is an isomorphism. In particular, for 
£ £ D"(X) and £ £ D+(X) the natural map Ext^(£,G) -> Ext^( K *£, k*£) is an 
isomorp/iism. 

Proof. After "way-out" reduction to the case where £ G A qc (X) (the Rr's 
are bounded, by Corollary I3.4.3f a) below), the first assertion is given by (|3.1.2|l . 
To get the second assertion, take C := RHom^(£,Q) (which is in Dq C (X), |H1I 
p. 92, Proposition 3.3]), so that k*C = WHom^ c (n*£ 1 n*Q) (as one sees easily after 
way-out reduction to where £ and Q are Ox-modules, and further reduction to 
where X is affine, so that £ has a resolution by finite-rank free modules. . .). □ 

Definition 3.3.3. A formal scheme X is said to be properly algebraic if there 
exist a noetherian ring B, a -B-ideal J, a proper i?-scheme X, and an isomorphism 
from X to the J-adic completion of X. 
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COROLLARY 3.3.4. On a properly algebraic formal scheme X the natural functor 
jx- D(-4c(X)) — > Dg(X) is an equivalence of categories with quasi-inverse RQx' 
and therefore j'^oRQ^ is right- adjoint to the inclusion Dg(X) D(X). 

Proof. If X is properly algebraic, then with A:= J-adic completion of B and 
I := J A, it holds that X is the I-adic completion of X (E>b A, and so we may assume 
the hypotheses and conclusions of Proposition 13 . 1 . il We have also, as above, the 
equivalence of categories j x : T)(A qc (X)) — > D qc (A); and so the assertion follows 
from Propositions 13 . 3 . II and 13 . 2 . 3l □ 

Proposition 3.3.5. For a map g: Z — + X of locally noetherian formal schemes, 

L 9 *(D C -(X)) c D qc (Z). 

If X is properly algebraic, then 

L 5 *(D 5 (X)) c D e (Z). 

Proof. The first assertion, being local on X, follows from the second. Assum- 
ing X properly algebraic we may, as in the proof of Corollary 13. 3. 41 place ourselves 
in the situation of Proposition 13 . 1 . ll so that any Q £ Dg(X) is, by Corollary 13.3.41 
and Proposition 13 . 1 . ll isomorphic to k*£ for some £ £ D qc (X). By |AJLI p. 10, 
Proposition (1.1)]), £ is isomorphic to a lim of bounded-above quasi-coherent flat 
complexes (see the very end of the proof of ibid.); and therefore Q = k*£ is iso- 
morphic to a K-fiat complex of ^(X)-objects. Since Lg* agrees with g* on K-flat 
complexes, and g*(Ae(X)) C As(Z), we are done. □ 

Remarks 3.3.6. (1) Let X be a properly algebraic formal scheme (necessarily 
noetherian) with ideal of definition U, and set /:= H°(X, ])ci:= H°(X, O x )- Then 
A is a noetherian I-adic ring, and X is Spf (A) -isomorphic to the I-adic completion 
of a proper A-scheme. Hence X is proper over Spf (A), via the canonical map given 
by |CTDl p. 407, (10.4.6)]. 

Indeed, with B, J and X as in Definition [EGAI p. 125, Theorem (4.1.7)] 
implies that the topological ring 

A = lim R (X,Ox/rO x ) = lim H°(A, O x /I n O x ) 

'n>0 'n>0 

is the J-adic completion of the noetherian B-algebra Aq := H°(X,Ox), and that 
the J-adic and I-adic topologies on A are the same; and then X is the I-adic 
completion of X ® ^ A. 

(2) It follows that a quasi-compact formal scheme X is properly algebraic iff 
so is each of its connected components. 

(3) While (1) provides a less relaxed characterization of properly algebraic 
formal schemes than Definition 13. 3. 31 Corollarv l3 .3 . 81 below provides a more relaxed 
one. 

Lemma 3.3.7. Let X be a locally noetherian scheme, X\ C 1% quasi- coherent 
Ox-ideals, the support of Ox/%i, and X^ the completion Xi z . (i — 1, 2). Suppose 
that I\Ox 2 ^ an ideal of definition of X 2 . Then X 2 is a union of connected 
components of Xi {with the induced formal- subscheme structure). 

Proof. We need only show that is open in Z\. Locally we have a noe- 
therian ring A and A-ideals I C J equal to their own radicals such that with A 
the J-adic completion, J n A C I A for some n > 0; and we want the natural map 
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A/I -» A/ J to be flat. (For then with L:= J/I, L/L 2 = Torf fI {A/ J, A/ J) = 0, 
whence (1 — £)L = (0) for some t G L, whence £ = £ 2 and L — £(A/I), so that 
A/I ~ix [A/ J) and Spec(^l/J) <^-> Spec(A/I) is open.) 

So it suffices that the localization (A/I)i + j — > (A/J)i + j = ^4/ J by the multi- 
plicatively closed set f + J be an isomorphism, i.e., that its kernel J(A/ I)i+,j be 
nilpotent (hence (0), since A/I is reduced.) But this is so because the natural map 
Ai + j — > A is faithfully flat, and therefore J n A\ + j C IA\ + j. □ 



Corollary 3.3.8. Let A be a noetherian ring, let I be an A-ideal, and let 
A be the I-adic completion of A. Let fo : X — > Spec(A) be a separated finite-type 
scheme-map, let Z be a closed subscheme of fo (Spec(A/7)), let X = X/z be 
the completion of X along Z, and let f : X — > Spf(A) be the formal-scheme map 
induced by fo : 



X:= A 



/z 



Spf(i) 



X 



fo 



Spec(A) 



If f is proper (see ijf .2.2(1 then X is properly algebraic. 

Proof. Consider a compactification of f (see |Lul Theorem 3.2] 



X X J±> 



Spec(A). 



Since / is proper, therefore Z is proper over Spec(A), hence closed in X. Thus we 
may replace fo by fo, i.e., we may assume fo proper. Since /, being proper, is adic, 
Lemma f3. 3. 71 with Z2 := Z and Z\ := / ^ 1 (Spec(A//)), shows that X is a union of 
connected components of the properly algebraic formal scheme X/z 1 ■ Conclude by 
Remark EHCT 2). □ 



3.4. To deal with unbounded complexes we need the following boundedness 
results on certain derived functors. (See, e.g., Propositions 13 . 5 ,T1 and I3~5 . 31 below . ) 

3.4.1. Refer to Ml. 2. 21 for the definitions of separated, resp. affine, maps. 

A formal scheme X is separated if the natural map fx ■ X — > Spec(Z) is sep- 
arated, i.e., for some — hence any — ideal of definition 3, the scheme (X, Ox/3) is 
separated. For example, any locally noetherian affine formal scheme is separated. 

A locally noetherian formal scheme X is affine if and only if the map fx is 
affine, i.e., for some — hence any — ideal of definition 3, the scheme (X,Ox/d) is 
affine. Hence the intersection V PI V of any two affine open subsets of a separated 
locally noetherian formal scheme y is again affine. In other words, the inclusion 
V ^ y is an affine map. More generally, if / : X — > y is a map of locally noetherian 
formal schemes, if ^ is separated, and if V and V are affine open subsets of ^ and X 
respectively, then f^V n V is affine |GD1 p. 282, (5.8.10)]. 

Lemma 3.4.2. If g: X — > y is an affine map of locally noetherian formal 

schemes, then every M. S Ag(X) is g^-acyclic, i.e., R l g*A4 = for all i > 0. 

More generally, if Q € Dg(X) and e £ Z are such that H l (Q) = for all i > e, 
then H^^Rg^G) — for all i > e. 



40 



LEOVIGILDO ALONSO, ANA JEREMIAS, AND JOSEPH LIPMAN 



Proof. R l g*M is the sheaf associated to the presheaf IX h-> H l (g 1 (U),A4), 
(IX open in y) |EGAI Chap.O, (12.2.1)]. If IX is affine then so is g~ x (U) C X, and 
Corollary EEH1 gives W (g- 1 (U) , M) = for all i > 0. 

Now consider in K(X) a quasi-isomorphism — > 7 where 7 is a "special" 
inverse limit of injective resolutions 7_ e of the truncations Q- e (see (11311 ~). so that 
^(Rg^Q) is the sheaf associated to the presheaf IX i— > H i (r(<7 _1 lX, 7)), see |Sp| 
p. 134, 3.13]. If C_ e is the kernel of the split surjection 7_ e — > 7i_ e then C_ e [e] 
is an injective resolution of H e (Q) £ Ag(X), and so for any affine open IX C y 
and i > e, H^rQ? IX, C_ e )) = 0. Applying Sp, p. 126, Lemma], one finds then that 
for i > e the natural map H l (r(<7 _1 U, 7)) — > IP(r(<7 _1 U,, 7_ e )) is an isomorphism. 
Consequently if H l (Q) = for all i > e (whence 7_ e = C*- e = in D(X)) then 
H , '(T(ff- 1 U,/)) = 0. □ 

Proposition 3.4.3. Let X be a noetherian formal scheme. Then: 

(a) The functor Rr(X, — ) is bounded-above on D^(X). In other words, there 
is an integer e > such that if Q £ D?(X) and H l (Q) = for all i > io then 
IT(RL(X, -)) = for all i > i + e. 

(b) For any formal-scheme map f: X — ► y with V quasi- compact, the func- 
tor R/* is bounded-above on Dg(X), i.e., there is an integer e > such that 
if G £ D ? (X) and H l (g) = for all i > i then H l (Rf*g) = for all i>i + e. 

Proof. Let us prove (b). (The proof of (a) is the same, mutatis mutandis.) 
Suppose first that X is separated, see M3.4.1I Since y has a finite affine open cover 
and R/„ commutes with open base change, we may assume that y itself is affine. 
Let n(X) be the least positive integer n such that there exists a finite affine open 
cover X = U™ =1 Xi, and let us show by induction on n(X) that e := n(X) — 1 will do. 

The case n(X) = 1 is covered by Lemma f3. 4 .21 So assume that n:= n(X) > 2, 
let X = U" =1 Xi be an affine open cover, and let u± : Xi <—* X, u 2 : U™ =2 ^ X, 
u 3 : U" = 2 (Xi n X{) =— > X be the respective inclusion maps. Note that Xi n Xj is 
affine because X is separated. So by the inductive hypothesis, the assertion holds 
for the maps f%:= f ° Ui (i = 1, 2, 3). 

Now apply the A-functor R/„ to the "Mayer- Vietoris" triangle 

g — ► Ru 1<t u*C/ Hu^u^G — ► Ru 3lr uig 

(derived from the standard exact sequence 

— > £ — > u lr u\£ © u^u^E — > u 3j|t it|£ — > 
where £ — > £ is a K-injective resolution) to get the D(y)-triangle 

Rf*Q — > nfuu'G e R/ a .t*;e — > Rf 3 * M 3£ ^ 

whose associated long exact homology sequence yields the assertion for /. 

The general case can now be disposed of with a similar Mayer- Vietoris induction 
on the least number of separated open subsets needed to cover X. □ 

Proposition 3.4.4. Let X be a separated noetherian scheme, let Z C X be 
a closed subscheme, and let k x : X = X/% — > X be the completion map. Then 
the functor RQx bounded-above on Dg(X). 

Proof. Set k:= k x . Let n(X) be the least number of affine open subschemes 
needed to cover X. When X is affine, Qx is the sheafification of the global section 
functor, and since k* is exact and, being right adjoint to the exact functor k*, 
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preserves K-injectivity, we find that for any T € D(X), RQxk^J^ is the sheafifica- 
tion of the complex RX(X, k* T) — Rr(X, T). Thus Proposition|^^3Ja) yields the 
desired result for n(X) = 1. 

Proceed by induction when n(X) > 1, using a "Mayer-Vietoris" argument as 
in the proof of Proposition 13.4.31 The enabling points are that if v : V =— > X is an 
open immersion with n(V) < n(X), giving rise to the natural commutative diagram 

V /Znv V V 

v v 

X > X 

K X 

then there are natural isomorphisms, for T € D^(X) and v* c : A qc (V) —* A qc (X) 
the restriction of v* : 

RQx k-x*Rv*v* J- = HQxT&v*K V:t v* T = Hv^HQv Ky*v* T , 

and the functor RQ^k^v* is bounded-above, by the inductive hypothesis on 
n{V) < n(X), as is RvT, by the proof of |AJLI p. 12, Proposition (1.3)]. □ 

3.5. Here are some examples of how boundedness is used. 

Proposition 3.5.1. Let f: X ^ ^ be a proper map of noetherian formal 
schemes. Then 

R/*D C (T) C DcGO and R/A(X)cD^). 

Proof. For a coherent Ox-module M, Rf*M € D c (y) jEGAI p. 119, (3.4.2)]. 
Since X is noetherian, the homology functors _£PR/* commute with lim on Ox- 
modules, whence Rf^Af E D^(^) for all Af G A^(X). R/* being bounded on D^(X) 
(Proposition[!^0{b)), way-out reasoning |H1I p. 74, (hi)] completes the proof. □ 

Proposition 3.5.2. Let f: X — > y be a map of quasi- compact formal schemes, 
with X noetherian. Then the functor R/*|d ? (X) commutes with small direct sums, 
i.e., for any small family {£ a ) in Dj(X) the natural map 

®a(Rf*£a) > Ri* (®a£a) 

is a D(V) -isomorphism. 

Proof. It suffices to look at the induced homology maps in each degree, i.e., 
setting i? 1 /* : = H l Rf* (i S Z), we need to show that the natural map 

(Ba{R l f*£a) > R l f*{®a£a)- 

is an isomorphism. 

For any T € D^(X) and any integer e > 0, the vertex Q of a triangle based on 
the natural map ii_ e from T to the truncation jF- l ~ e (see $Vi\ \ satisfies H\Q) = 
for all j > i — e — 1; so if e is the integer in Proposition 13. 4.3T b'). then = 
Ft 1 f*G = 0, and the map induced by U- e is an isomorphism 

We can therefore replace each £ a by £^ l ~ e , i.e., we may assume that the £ a are 
uniformly bounded below. 
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We may assume further that each complex £ a is injective, hence /*-acyclic (i.e., 
the canonical map is an isomorphism f*£ a R/*£ Q ). Since X is noetherian, 
R l f„ commutes with direct sums; and so each component of ® a £ a is an /„-acyclic 
Ox-module. This implies that the bounded-below complex ® a £ a is itself /^-acyclic. 
Thus in the natural commutative diagram 

®a(f*£a) * f*(®a£a) 

®a\R-f*£a) * R/*(©ct£a) 

the top and both sides are isomorphisms, whence so is the bottom. □ 

The following Proposition generalizes jEGAI p. 92, Theorem (4.1.5)]. 

Proposition 3.5.3. Let fo'.X — > Y be a proper map of locally noetherian 
schemes, let W C Y be a closed subset, let Z := fo W, let : ^ = Y/ w — > Y 
and k x : X = X/z — * X be the respective (flat) completion maps, and let f : X — > y 
be the map induced by fo- Then for £ G D qc (Jf) the map 0£ adjoint to the natural 
composition 

R-/o*£ — > Rfo* K x* K *%£ «y*R-/*^x^ 

is an isomorphism 

9 £ : KyR/ „£ R/»k x £. 

Proof. We may assume Y affine, say Y = Spec(^4), and then W = Spec(A/I) 
for some ^4-ideal I. Let A be the 7-adic completion of A, so that there is a natural 
cartesian diagram 

X® A A=:X 1 — — — > X 

fi fo 

Spec(i) =: Yi — > Y 

Here k Y is fiat, and the natural map is an isomorphism fcyR/ ,£ R/ ls ,/c^-£: 
since R/ * (resp. R/i*) is bounded- above on T) qc (X) (resp. D qc (Xi)), see Proposi- 
tion l3.4.'37 bh way-out reasoning reduces this assertion to the well-known case where 
£ is a single quasi-coherent O^-module. Simple considerations show then that we 
can replace fo by f\ and £ by k\£; in other words, we can assume A — A. 

From Proposition 13. 5. H it follows that R/ *£ G Dqc(Y~) and R/*k x £ G Dg(V). 
Recalling the equivalences in Proposition 13.3.11 we see that any T G D^(y) is 
isomorphic to kZTo for some To G T> qc (Y) (so that L/ *JFo G D qc (X)), and that 
there is a sequence of natural isomorphisms 

Homy (JF, KyRfo^S) 



Hom r (J r o,R./o»£) 
Uom x (Lf*T ,£) 
Hom I (4L/ 'f , k* x £) 

Homx(L/*KS^ , k* x £) Homy (J 7 , R/»k x £). 



The conclusion follows. 



□ 
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4. Global Grothendieck Duality. 

Theorem 4.1. Let f: X — * y fee a map o/ quasi-compact formal schemes, 
with X noetherian, and let j: T)(Ac(X)) — * D(X) &e i/ie natural functor. Then the 
A-functor R/*o j /ias a rig/i£ A-adjoint. In fact there is a bounded-below A-functor 
f x : D(y) — > D (.Ag(X)) and a map o/ A-functors r: Rf^jf x — > 1 suc/i that for 
all Q G D(„4^(X)) and J 7 £ D(^), ifte composed map (in the derived category of 
abelian groups) 

RHom^ (x) (S, f*T) RHom^^R/* jQ, R/*j/ x ^) 

J^_I_> RHom^)(R/*j£/, J 7 ) 

is an isomorphism. 

With Corollary 13 . 3 . 41 this gives: 

COROLLARY 4.1.1. // X is properly algebraic, the restriction of R/* to D^(X) 
ftas a ri<?/i£ A-adjoint (also to be denoted / x when no confusion results). 

Remarks. 1. Recall that over any abelian category .4 in which each complex T has 
a K-injective resolution p(T), we can set 

RHorn^g, .F) := Hom^(£, p(^)) (S, JP e T>(A)); 

and there are natural isomorphisms 

ITRHom^jF) S Hom DW (5,J[j]) (i e Z). 

2. Application of homology to the second assertion in the Theorem reveals that 
it is equivalent to the first one. 

3. We do not know in general (when X is not properly algebraic) that the 
functor j is fully faithful — j has a right adjoint (identity) x = RQ X (see Proposi- 
tion but it may be that for some £ € As(X) the natural map E — > HQ x j£ 
is not an isomorphism. 

4. For a proper map fo : X — > Y of ordinary schemes it is customary to 
write /5 instead of / X . (Our extension of this notation to maps of formal schemes — 
introduced immediately after Definition 17.31 — is not what would be expected here.) 

5. Theorem l4. ll includes the case when X and ^ are ordinary noetherian schemes. 
(In fact the proof below applies with minor changes to arbitrary maps of quasi- 
compact, quasi-separated schemes, cf. |L4I Chapter 4].) The next Corollary relates 
the formal situation to the ordinary one. 

Corollary 4.1.2. Let A be a noetherian adic ring with ideal of definition I, 
set Y :— Spec(4) and W := Spec(A/I) C Y. Let fo: X -^Y be a proper map and 
set Z := f ~ 1 W, so that there is a commutative diagram 



X 


Y Kx 


-> X 




4 


I* 


y = 


= Spf (A) Kv 


•+ Y 



with the respective (flat) completion maps, and f the (proper) map 

induced by fo . 
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Then the map adjoint to the natural composition 
is an isomorphism of functors — from D(^) to Dj(X), see Corollary 14.1.11 — 

Proof. For any £ e D 5 (X) set £ := ji x RQ x K Xi)t f € T> qc (X) (see Section 1531 . 
Using Proposition 13. 3. T1 we have then for any T € D(y) the natural isomorphisms 

Hom D(x) (£, K^fln^T) Hom D(x) (£ , f^n^T) 

Hom D ( Y )(R/ 0!)t £o, Ky*-? 7 ) 
Hom D (y)(KyR/ 0t f , -T 7 ) 
[ ^^ | Hom D( y ) (R/ < ,K X g ,^) Hom D( y)(R/*f , J 7 ). 

Thus Kx/d K y* ^ s right-adjoint to R/*|d 5 (X)j whence the conclusion. □ 

Proof of Theorem 14.11 1. Following Deligne |H1I p. 417, top], we begin by 
considering for M € A(X) the functorial flasque Godement resolution 

O^M^ G°(M) -> G\M) 

Here, with G~ 2 (.M) := 0, := .M, and for i > 0, i^(.M) the cokernel of 

G*- 2 (M) -> G^iM), the sheaf G 4 (A1) is specified inductively by 

G l (M){U) := K l {M) x (IX open in X). 

One shows by induction on i that all the functors G 1 and if* (from A(X) to itself) 
are exact. Moreover, for i > 0, G Z (.M), being flasque, is f*- acyclic, i.e., 

BP&G^M) = for all j > 0. 

The category ^4g(X) has small colimits (Proposition ^. 2. and is generated by 
its coherent members, of which there exists a small set containing representa- 
tives of every isomorphism class. The Special Adjoint Functor Theorem (JFJ p. 90] 
or Ml, p. 126, Corollary]) guarantees then that a right-exact functor F from Ag 
into an abelian category A' has a right adjoint iff F is continuous in the sense 
that it commutes with filtered direct limits, i.e., for any small directed system 
(M a , <p a '■ Mp — > M a ) in Ac, with lim M a — (M, <fa ■ M a — * M) it holds that 

(F(M), F(ip a )) = lim (F(M a ), F{y a p)). 

Accordingly for constructing right adjoints we need to replace the restrictions of G l 
and K l to AcCX) by continuous functors. 

Lemma 4.1.3. Let X be a locally noetherian formal scheme and let G be a 
functor from ,4 C (X) to a category A' in which direct limits exist for all small directed 
systems. Let j: ^4 C (X) <—* AspC) be the inclusion functor. Then: 

(a) There exists a continuous functor G? : «4e(X) — * A' and an isomorphism 
of functors e: G Gg°j such that for any map of functors ?p: G — > F°j with 
F continuous, there is a unique map of functors ^ : Gj — ► F such that ip factors 
as 

„ e „ . via il> s „ . 

G G s oj > Foj. 
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(b) Assume that A' is abelian, and has exact filtered direct limits {i.e., satisfies 
Grothendieck's axiom AB5). Then if G is exact, so is Gg. 

Proof, (a) For AA S Ag(X), let (A4 a ) be the directed system of coherent 
Ox-submodules of AA, and set 

G S (M) := lim G(M a ). 

For any Az(X)-m&p v: AA — ► AT and any a, there exists a coherent submodule Afp C 
Af such that v\M a factors as AA a — > Afp Af ( Corollary \'6 . 1 . 71 and Lemma 1%. 2. II 
with q = 0); and the resulting composition 

v' a : G(M a ) — > G(J\fp) — > Gg(Af) 

does not depend on the choice of Afp . We define the map 

G s {v) : G S (M) = lim G(M a ) - G 5 (W) 

to be the unique one whose composition with G(A^q,) — > Gg(AA) is i/^ for all a. 
Verification of the rest of assertion (a) is straightforward. 

(b) Let — > AA — > Af -^-> Q — > be an exact sequence in AgiX). Let (A//3) 
be the filtered system of coherent submodules of Af, so that Af = lim Afp (Corol- 
larv l3.1.7|) . Then (AA HAfp) is a filtered system of coherent Ox-modules whose lim 
is A4, and (irAfp) is a filtered system of coherent Ox-modules whose lim is Q (see 
Corollary 13. 1.6(1 . The exactness of Gg is then made apparent by application of lim p 
to the system of exact sequences 

-> G{M n A//3) -> G{Afp) -> G(tt.A/» -f 0. □ 

Now for 6 ,4g(X), the lim of the system of Godement resolutions of all the 
coherent submodules A4 a C A4 is a functorial resolution 

-► A* -» Gg(M) -» Gi(M) -»■■■; 

and the cokernel of Gt~ 2 (AA) -> G£ -1 (.M) is JQ(.M) := lim K l {M a ). By (b) above 
(applied to the exact functors G 1 and K l ), the continuous functors G^ and Kl 
are exact; and G~(AA) = lim G l (.M a ) is /*-acyclic since G l (AA a ) is, and — X being 
noetherian — the functors B?f* commute with lim . Proposition ^. 4. ffi b^ implies then 
that there is an integer e > such that for all A4 E Ac(X), K§(AA) is /^-acyclic. 
So if we define the exact functors T> % : As(X) — ► A(X) by 

(Gl(M) {0<i<e) 
V\M)= Iks(M) (i = e) 

[O (<>e) 

then for AA € Ag(X), each T> l (AA) is /^-acyclic and the natural sequence 

0^ M ^% V o {M) v i (M) V 2 [M) _^ >V e (M) — ► 

is exact. In short, the sequence T>° — > T) 1 — > I? 2 — > • • • — > 2? e — > is an exact, 
continuous, J ^-acyclic, finite resolution of the inclusion functor Ag(X) ^4(X). 
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2. We have then a A-functor (I?*, Id): K(^4j(X)) — > K(X) which assigns an 
/♦-acyclic resolution to each ^45(X)-complex Q = (G p ) P ez ■ 

(V'G) m := V«(gP) (m G Z, < q < e), 

p+g— m 

the differential (Vg) m -> (X>'£) m+1 being defined on (p + <? = m) to be 

d! + (-l) p d" where d': T>i(gp) -► X>«(£*> +1 ) comes from the differential in £ and 
d" = <5 9 (£ p ) : X> 9 (^ p ) -> X>« +1 (£*>). 

It is elementary to check that the natural map 6(g): g — > 2?*£ is a quasi- 
isomorphism. The canonical maps are D(y) -isomorphisms 

(12) /*£>*(£) R/*X>*(£) R/*g, 

R/.«(e) 

i.e., the natural map a*: H l (f*T>* (g)) — ► H l (JtLJ^J)' (g)) is an isomorphism for 
alii € Z: this holds for bounded-below £/ because V(g) is a complex of /*-acyclic 
objects; and for arbitrary since for any n € Z, with 0-™ denoting the truncation 

(13) > -> -► cokci^"- 1 -► 0") -> n+1 -> £"+ 2 

there is a natural commutative diagram 

HHf«V(g)) — fl*(R£X>«(0)) 

H l (f*V(g^ n )) — ► iP(R/*2?*(^")) 

in which, when n <C i, /3Jj is an isomorphism (since £/ and are identical in all 
degrees > n), 7^ is an isomorphism (by Proposition ^. 4. af b) applied to the mapping 
cone of the natural composition V(Q) g — > g^ n £>'(£-")), and < is 
an isomorphism (since (/-" is bounded below). 

Thus we have realized R/» o j at the homotopy level, via the functor C :— f*T>' ; 
and our task is now to find a right adjoint at this level. 

3. Each functor C p = f*VP : A S (T) -> Aty) is exact, since R l f*(VP(M)) = 
for all M. € As(X). C p is continuous, since V p is and, X being noetherian, /» 
commutes with lim . As before, the Special Adjoint Functor Theorem yields that 
C p has a right adjoint C p : A($) — > -4g(X). 

For each „4(y)-complex T = (J- P ) p ez let C % T be the *4j(X)-complex with 

(C.T) m := Y[ C q T v (meZ,0<q<e), 

p—q — m 

and with differential (C % T) m — > (C,^-") m+1 the unique map making the following 
diagram commute for all r, s with r — s = m + 1 : 

n ^ ► n c ^ v 

p—q — rn p—q — m-\-l 

c^ec^F ► 

d, + ( — l) r d„ 

where: 

(i) the vertical arrows come from projections, 
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(ii) di : C s T r 1 — > C s T r corresponds to the differential in J 7 , and 

(iii) with 5 S : C s +i — ► C s corresponding by adjunction to f*(S s ) : C s — > C s+1 , 

d w := (-1 ) s <5 s (^ r ) : C s+1 ^'' -» C s ^ r . 

This construction leads naturally to a A-functor (C.,Id): K(y) — > K(_Ae(X)). The 
adjunction isomorphism 

Hom^ (x) (X,C p AA) Kom A(y) (CPM,M) (M G ^(X), e AQi)) 

applied componentwise produces an isomorphism of complexes of abelian groups 

(14) Rom' MX) (g,C.r) Rom' AW (C m g,r) 

for all ^4g(X)-complexes Q and „4(y)-complexes T. 

4. The isomorphism l(l"4")l suggests that we use C, to construct / x , as fol- 
lows. Recall that a complex 3 £ K(_4^(X)) is K-injective iff for each exact com- 
plex Q G K.(Ag(X)), the complex Rom^^^Q 7 3) is exact too. By JT2J, C*£? is 
exact if <7 is; so it follows from (|14|l that if T is K-injective in K(^) then C*T is 
K-injective in K.(Ae(X)). Thus if Ki(— ) C K(— ) is the full subcategory of all 
K-injective complexes, then we have a A-functor (C, , Id): Kj(y) — * Ki(^4g(X)). 
Associating a K-injective resolution to each complex in A(}$) leads to a A-functor 
(p,Q): D(y) -> Ki(y). 16 This p is bounded below: an _4(y)-complex £ such that 
H % {£) = for all i < n is quasi-isomorphic to its truncation £ -™ (see ||T2J), which is 
quasi-isomorphic to an injective complex J 7 which vanishes in all degrees below n. 
(Such an T is K-injective.) 

Finally, one can define / x to be the composition of the functors 

DO0 A Ki(y) ^ K X (^(X)) D(^(X)), 

and check, via 112|l and (|14|1 that Theorem 14.11 is satisfied. (This involves some 
tedium with respect to A-details.) □ 

5. Torsion sheaves. 

Refer to H1.2I for notation and first sorites regarding torsion sheaves. 

Paragraphs 15.11 and 15.21 develop properties of quasi-coherent torsion sheaves 
and their derived categories on locally noetherian formal schemes — see e.g., Propo- 
sitions 15.2.11 15.2.41 15.2.61 and Corollary 15.2.111 (There is some overlap here with 
§4 in H •) Such properties will be needed throughout the rest of the paper. For 
instance, Paragraph 15 .31 establishes for a noetherian formal scheme X, either sepa- 
rated or finite-dimensional, an equivalence of categories D(_4 qc t(X)) -^-> D qct (X), 
thereby enabling the use of D qct (X) — rather than D(_4 qct (X)) — in Theorem 16.11 
( = Theorem |21 of Section^. Also, Lemma 15.4.11 identifying the derived func- 
tor Rry(— ) (for any Ox-ideal J , where A is a ringed space) with the homotopy 
colimit of the functors ~RHom'(Ox /J n ,—), plays a key role in the proof of the 
Base Change Theorem 17.41 ( = Theorem |3J). 



"In fact (p, ©) is an equivalence of A-categories, see IL4I §1.7]. But note that © need not be 
the identity morphism, i.e., one may not be able to find a complete family of K-injective resolutions 
commuting with translation. For example, we do not know that every periodic complex has a 
periodic K-injective resolution. 
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5.1. This paragraph deals with categories of quasi-coherent torsion sheaves on 
locally noetherian formal schemes. 

Proposition 5.1.1. Let f: X — > ^ be a map of noetherian formal schemes, 
and let M. G „4 qct (X). Then f*M. G Aq C t(^)- Moreover, if f is pseudo-proper 
(see H1.2.2fl and A4 is coherent then f,Ai is coherent. 

PROOF. Let 3 C Ox and 3 C Oy be ideals of definition such that 3Gx C 3, 
and let 

X n := (X,O x /3 n ) ^ (M,O v /T) = : Y n (n > 0) 
be the scheme-maps induced by /, so that if j n and i n are the canonical closed 
immersions then fj n = i n f n . Let M. n := Tiom(Ox/3 n , M.), so that 

M = F X M = lim M» = lim j n *j^M n - 

Since 3™ is a coherent Ox-ideal [GDI p. 427], therefore M. n is quasi-coherent (Corol- 
larv l3.1.bT d')'). and it is straightforward to check that i n *f n *jn-M n G Ajct(^)- Thus, 
X being noetherian, and by Corollary 15 . 1 . 31 below . 

f*M = /*lim M n = lim f*j n *j* n M n = hm i n *f n S n J^n G .AqctW- 

When / is pseudo-proper every /„ is proper; and if G -4 qc t(X) is coherent 
then so is f*M, because for some n, f*M = f*i n *f* n M. n = in*f n *jnM TL . □ 

Proposition 5.1.2. Let Z be a closed subset of a locally noetherian scheme X, 
and let n: X — > X be the completion of X along Z . Then the functors k* and k* 
restrict to inverse isomorphisms between the categories Az{X) and *4t(X), and 
between the categories A qc z{X) and „4 qct (X); and if M. G .4 qc t(X) is coherent, 
then so is k*M. 

Proof. Let J be a quasi-coherent Ox-ideal such that the support of Ox I J 
is Z. Applying lim to the natural isomorphisms 

K*Hom x (G x n /J n , AO Homx(Oxl3 n Ox,K*N) (N G A(X), n>0) 

we get a functorial isomorphism k*T^ KJk*, and hence k* (Az(X)) C _4 t (X). 
Applying lim to the natural isomorphisms 

Hom x (O x /J'\ k*M) K *Homx(Ox/J n Ox,M) (M G A(X), n > 0) 

we get a functorial isomorphism r^/i* k*^x, and hence K*(*4 t (X)) C Az(X). 

As k is a pseudo-proper map of locally noetherian formal schemes ((0) be- 
ing an ideal of definition of A), we see as in the proof of Proposition 15.1.11 that 
for M. G ^l qc t(X), k*M. is a lim of quasi-coherent Ox-modules, so is itself quasi- 
coherent, and k^M. is coherent whenever M. is. 17 

Finally, examining stalks (see M1.2fl we find that the natural transformations 
1 — ► k*k* and — > 1 induce isomorphisms 

r^M K*K*r^Af (j\f g A(x)), 

k*k.%M T^M (M G A(X)). D 

17 The noetherian assumption in Lemma 15, 1.11 is needed only for commutativity of /* with 
lim , a condition clearly satisfied by / = re in the present situation. 
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COROLLARY 5.1.3. If X is a locally noetherian formal scheme then *4 qc t(X) is 
plump in _4(X) and closed under small A(X)-colimits. 

Proof. The assertions are local, and so, since At(X) is plump f M1.2.1|l . Propo- 
sition 15.1.21 (where n* commutes with lim ) enables reduction to well-known facts 
about Aqcz(X) C A(X) with X an affine noetherian (ordinary) scheme. □ 

Lemma 5.1.4. Let X be a locally noetherian formal scheme. If Ai is a quasi- 
coherent Ox-module then r x A4 £ _4 qc t(X) is the lim of its coherent submodules. 
In particular, A qc t(X) C As(X). 

Proof. Let 3 be an ideal of definition of X. For any positive integer n, let X n 
be the scheme (X, Ox/3"), let j n : X n — > X be the canonical closed immersion, and 
let M n := Hom(O x /d n , M) C L^(M), so that M n £ -4 qc t(X) ( Corollary ETLW lL 
Then the quasi-coherent Ox„-module j* L M. n is the lim of its coherent submod- 
ules |GDI p. 319, (6.9.9)], hence so is M n = jn*Jn^n (since j* and j n * preserve 
both lim and coherence GD p. 115, (5.3.13) and (5.3.15)]), and therefore so is 
F X M = \imM n . That hm M n £ Ajct(X) results from Corollary |5~T"31 □ 

COROLLARY 5.1.5. For a locally noetherian formal scheme X, the inclusion 
functor j x : „4 qct (X) A{X) has a right adjoint Q x . If moreover X is noetherian 
then Q x commutes with hm. 

Proof. To show that j x has a right adjoint one can, in view of Corollary 15. 1.31 
and Lemma 15.1.41 simply apply the Special Adjoint Functor theorem. 

More specifically, since T x is right-adjoint to the inclusion At(X) A(X), and 
.4c(X) c >4 qc (X) ( Corollary 13. 1.5JI . it follows from Lemma T5 . 1 . 41 that the restriction 
of F x to A?(X) is right-adjoint to *4 qct (X) A?(X); and by Proposition 13.2.31 
A?(X) <^-> A(X) has a right adjoint Q x ; so Q x := r x oQ x is right-adjoint to j x . 
(Similarly, Q x °r x is right-adjoint to j x .) 

Commutativity with lim means that for any small directed system (G a ) in A(X) 
and any M. £ _A qc t(X), the natural map 

<f>: Hom(M, Urn Q x Q a ) -> Horn (M, Q x lim Q a ) 

is an isomorphism. This follows from Lemma l5.1.4l which allows us to assume that 
M. is coherent, in which case (f> is isomorphic to the natural composed isomorphism 

lim Hom(M) Q x S a ) lim Hom(M, Q a ) Hom(.M, lim Q a ). Q 

Remark. For an ordinary noetherian scheme X we have Q x — Qx (see ij3.1|) . 
More generally, if k: X — > X is as in Proposition 15.1.21 then Q x — k*F z Q x ^*- 
Hence Proposition 15.1.11 (applied to open immersions X <— > ^ with X affine) lets 
us construct the functor Qy for any noetherian formal scheme y by mimicking the 
construction for ordinary schemes (cf. jU p. 187, Lemme 3.2].) 

5.2. The preceding results carry over to derived categories. 
From Corollary 15. 1.31 it follows that on a locally noetherian formal scheme X, 
Dqct(X) is a triangulated subcategory of D(X), closed under direct sums. 
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Proposition 5.2.1. For a locally noetherian formal scheme X, set At'— At(X), 
the category of torsion Ox-modules, and let i: D(„4t) — > D(X) be the natural 
functor. Then: 

(a) An Ox-complex £ is in D t (X) iff the natural map iRF^£ — > £ is a D(X)- 
isomorphism. 

(b) If £ £ D qc (X) then Ri^£ S D qc (A)- 

(c) The functor i and its right adjoint R-?x induce quasi-inverse equivalences 
between T)(At) and Dt(X) and between D qc (^4t) and D qc t(X). 18 

Proof, (a) For T 6 D(_4 t ) (e.g., T ':— R/^£), any complex isomorphic to iT 
is clearly in D t (X). 

Suppose conversely that £ € D t (X). The assertion that HLF^-£ = £ is local, 
so we may assume that X = Spf(A) where A — r(X, Ox) is a noetherian adic 
ring, so that any defining ideal 3 of X is generated by a finite sequence in A. Then 
iRFjr£ = /C^, ® £, where /C^ is a bounded flat complex — a lim of Koszul complexes 
on powers of the generators of 3 — see jAJLI p. 18, Lemma 3.1.1]. 

So iRr% is a bounded functor, and the usual way-out argument reduces the 
question to where £ is a single torsion sheaf. But then it is immediate from the 
construction of K,^ that JC^ ® £ = £. 

(b) Again, we can assume that X = Spf(A) and R-Q is bounded, and since 
_A qc (X) is plump in A(X) fProposition 13 . 2"2"|> we can reduce to where £ is a single 
quasi-coherent Ox-module, though it is better to assume only that £ G D+.(X), for 
then we may also assume £ injective, so that 

Rr^£ S F{£ = lim Hom(0/d n , £)■ 

From Corollarv l3 . 1 . 6f d) it follows that H.om(0/d n , £) S D qct (X) — for this assertion 
another way-out argument reduces us again to where £ is a single quasi-coherent 
Ox-module — and since homology commutes with lim and A qc t is closed under lim 
fCorollarv l5.1.3[) . therefore RI^£ has quasi-coherent homology. 

Assertion (c) results now from the following simple lemma. □ 

Lemma 5.2.2. Let A be an abelian category, let j: A\, — > A be the inclusion of 
a plump subcategory such that j has a right adjoint T, and let j: D(.A|,) — * D(-4) 
be the derived- category extension of j. Suppose that every A- complex has a K- 
injective resolution, so that the derived functor R_T: D(_4) — * D(^) exists. Then 
TIT is right-adjoint to j . Furthermore, the following conditions are equivalent. 

(1) j induces an equivalence of categories from D(Ab) to D\,(A), with quasi- 
inverse R^_T:= R-TId^). 

(2) For every £ € T)\,(A) the natural map jRr£ — > £ is an isomorphism. 

(3) The functor H[,r is bounded, and for £q G A\, the natural map jRr£o — > 
£q is a D(A) -isomorphism. 

When these conditions hold, every A\,-complex has a K-injective resolution. 

Proof. Since r has an exact left adjoint, it takes K-injective ^-complexes to 
K-injective .^-complexes, whence there is a bifunctorial isomorphism in the derived 

18 We may therefore sometimes abuse notation and write R.i^ instead of iREj^; but the 
meaning should be clear from the context. 
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category of abelian groups 

RHom^O/a, £) BHam\{Q, Rr£) (Q G D(A), £ € T>(A)). 

(To see this, one can assume £ to be K-injective, and then drop the R's. . .) Apply 
homology H° to this isomorphism to get adjointness of j and T&T. 

The implications (1) => (3) =>■ (2) are straightforward. For (2)=>(1), one needs 
that for Q G D(^4|,) the natural map Q — > HTjQ is an isomorphism, or equivalently 
(look at homology), that the corresponding map jQ — > jRTjQ is an isomorphism. 
But the composition of this last map with the isomorphism jRrjQ jQ (given 
by (2)) is the identity, whence the conclusion. 

Finally, if Q is an ^-complex and jQ — > J is a K-injective ,4-resohition, then as 
before TJ is a K-injective „4t>-complex; and (1) implies that the natural composition 

q -> rjQ -^rj ( = nrjQ) 

is a D(_4|,)-isomorphism, hence an ^-K-injective resolution. □ 

Corollary 5.2.3. For any complexes £ G D t (X) and T G D(X) the natural 
map TtD^J 7 — > T induces an isomorphism 

RWom*(£,Ri^JF) miorrf {£,?). 

Proof. Consideration of homology presheaves shows it sufficient that for each 
affine open Uc I, the natural map 

Hom D(K) (£|u, (Rix^lu) -> Hom D(u) (£| u , J^lu) 

be an isomorphism. But since R^ commutes with restriction to U, that is a direct 
consequence of Proposition 15. 2. lT c) (with X replaced by IX). □ 

Parts (b) and (c) of the following Proposition will be generalized in parts (d) 
and (b), respectively, of Proposition 15 . 2 .81 

Proposition 5.2.4. Let Z be a closed subset of a locally noetherian scheme X, 
and let k: X — > X be the completion of X along Z. Then: 

(a) The exact functors k* and restrict to inverse isomorphisms between the 
categories T)z(X) and D t (X), and between the categories T) qc z(X) and D qct (X); 
and if M. G D qct (X) has coherent homology, then so does k*M. 

(b) There is a unique derived- category isomorphism 

RTzK^£ k^KF^E {£ G D(X)) 
whose composition with the natural map k*RZ^£ — > k*£ is just the natural map 

(c) There is a unique derived- category isomorphism 

K*Hr z J- RF£k*F (T G D(X)) 
whose composition with the natural map RF^k'T — > k*J- is just the natural map 
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Proof. The assertions in (a) follow at once from Proposition 15.1.21 

(b) Since has an exact left adjoint (namely n*), therefore k» transforms 
K-injective .A(X)-complexes into K-injective _4(X)-complexes, and consequently 
the isomorphism in (b) results from the isomorphism J^k» K *T X m ^ ne P r0 °f 
of Proposition 15.1.21 That the composition in (b) is as asserted comes down then 
to the elementary fact that the natural composition 

Hom x (O x /J r \ k*M) K*Hom x (Ox/J n O x ,M) — ► K*M 

(see proof of Proposition 15. 1.2(1 is just the obvious map. Since k*RX^£ 6 T>z{X) 
(by (a) and Proposition 15 . 2 . TT a) ) . the uniqueness assertion (for the inverse isomor- 
phism) results from adjointness of Ri^ and the inclusion T)z(X) =— » D(X). (The 
proof is similar to that of Proposition 15. 2. lT cl). 

(c) Using (b), we have the natural composed map 

K*~R,r z T K*R.r^n*n*F K*K*nr x 'K*J : -► nr X K*T. 

Showing this to be an isomorphism is a local problem, so assume X = Spec (A) 
with A a noetherian adic ring. Let be the usual lim of Koszul complexes on 
powers of a finite system of generators of an ideal of definition of A ( \AJ~L\ §3.1]); 
and let be the corresponding quasi-coherent complex on Spec (A), so that the 
complex /C^ in the proof of Proposition 15.2. lT a) is just k*K^. Then one checks 
via |AJLI p. 18, Lemma (3.1.1)] that the map in question is isomorphic to the 
natural isomorphism of complexes 

That the composition in (c) is as asserted results from the following natural 
commutative diagram, whose bottom row composes to the identity: 

1 1 ™ 1 1 

Uniqueness is shown as in (b). □ 

COROLLARY 5.2.5. The natural maps are isomorphisms 

Hom x (5,^) = Hom x (£,/t*K*.F) Homi( K *f, k*T) {£ € D Z (X), T € D(X)), 

Hom x (£, .F) = Hom x (f, = Homi( K *f, k*T) {£ € D(X), J" G D Z (X)), 

Hom x (£, H) = Hom x ( K * K ^, W) £ Hom x (^g, (Q G D t (X), W e D(X)). 

Proof. For the first line, use Proposition 15.2.11 and its analogue for Dz{X), 
Lemma 15.2.21 and Proposition 15.2.41 to get the equivalent sequence of natural iso- 
morphisms 

Hom x (£,f) = Hom x (£,Rf^) 

Uom x (n*£ ,K*Ri|J r ) 

= Homx(K*f, k*^ 7 ) 
= Homx(£, k*k*F). 
The rest is immediate from Proposition 15. 2. 4T a). □ 
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The next series of results concerns the behavior of D qc t with respect to maps 
of formal schemes. 

Proposition 5.2.6. Let f: X — > y be a map of noetherian formal schemes. 
Then R/*|D qct (X) * s bounded, and 

R/*(D qct (X)) c D qct (y). 

Moreover, if f is pseudo-proper and T G D t (X) has coherent homology, then so 
does HftJ 7 G D t (y). 

Proof. Since D qct (X) C D^(X) (Lemma I5.1.4|l . the boundedness assertion is 
given by Proposition 13 . 4 . 3f b) . (Clearly, R/» is bounded-below.) It suffices then for 
the next assertion (by the usual way-out arguments Hi, p. 73, Proposition 7.3]) to 
show for any M € -4 qc t(X) that Rf*M G D qct (y). 

Let £ be an injective resolution of M. , let 3 be an ideal of definition of X, and 
let £ n be the flasque complex £ n := TLom(0/2 n , £). Then by Proposition 15. 2. lf a). 
A4 = Rr%A4 = \im n £ n . Since X is noetherian, lim's of flasque sheaves are /^-acyclic 
and lim commutes with /*; so with notation as in the proof of Proposition I5.1.TI 

RfeM = TLf^RRiM = /*lim £ n = lim f*j n *j*£ n = lim i n *f„Jn £ n- 

Since £ G D+.(X), therefore 

j n *j* n £n = Hom((D/d n , £) G D qc (X), 
as we see by way-out reduction to where £ is a single quasi-coherent sheaf and 
then by Corollary ET^d); and hence j*£ n G D qc (X„) (see |UD1 p. 115, (5.3.15)]). 
Now j*£ n is a flasque bounded-below Ox„ -complex, so by way-out reduction to (for 
example) |Kel p. 643, corollary 11], 

fn*3n^n = ^fn^hi^n G D qc (l^,); 

and finally, in view of Corollary 15. 1.31 

TLfxM = i n * Urn f n J*£ n G D qot (y). 

For the last assertion, we reduce as before to showing for each coherent torsion 
Ox-module M and each p > that R p f*M := HPRfeM is a coherent Oy-module. 
With notation remaining as in Proposition l5 . 1 . Tl the maps i n and j n are exact, and 
for some n, M = in*3* n M. n - So 

R P f*M = R%j n *j*M n = i n *R P f n *j*M n , 

which is coherent since jn-M n is a coherent Ox„-module and /„ : X n — > Y n is a 
proper scheme-map. □ 

Corollary 5.2.7 (cf. Corollary I3.5.3|l . Let f : X — > Y be a map of locally 
noetherian schemes, let W G Y and Z <Z f^ 1 W be closed subsets, with associated 
(flat) completion maps : ^ = Y/ w —*Y, k x : X = X/ Z — > X, and let f : X — > y 
be the map induced by /o- For £ G D(X) let 

9 £ : /tyR/ *£ -> R/*k x £ 

be the map adjoint to the natural composition 

R/o*£ — ► R/ ^k x+ k x £ Ky„R/*K X £. 

T/ien % is an isomorphism for all £ G T> qc z{X) ■ 
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Proof. 8g is the composition of the natural maps 

By Proposition l5.2.il the first map and (in view of Proposition l5 . 2 the third map 
are both isomorphisms. □ 

Proposition 5.2.8. Let f: X — > y &e a map o/ locally noetherian formal 
schemes. Let 3 be a coherent Oy -ideal, and let Dj(V) &e i/ie triangulated sub- 
category of D(y) whose objects are the complexes T with 3-torsion homology (i.e., 
L]H l T = H l T for all i e Z— see §32 and [TTTJ. Then: 

(a) L/*(D a (y))cD JOx (X). 

(b) There is a unique functorial isomorphism 

t(£) : Lf*nr 3 £ nr 30x Lf*£ (£ e dqo) 

whose composition with the natural map R^Jq L/*£ — > Jjf*£ is the natural map 
Lf*Rr 3 £ -> L/*£. 

(c) T/ie natural map is an isomorphism 

R^L/*Rr y '£ RJjL/*£ (£ € D(y)). 

(d) J/ X is noetherian, there is a unique functorial isomorphism 

R/*Rr a0x a e D+(X)) 

whose composition with the natural map R/^R^Jq — > Rj*(? «s i/ie natural map 
R£[R/*S->R/*0. 

PROOF, (a) Let J 7 € D 3 (y). To show that L/*:F g D 3C > X (X) we may assume 
that J 7 is K-injective. Let x £ X, set y := f(x), and let P' be a flat resolution 
of the Oy^-module Ox,x- Then, as in the proof of Proposition 15. 2. iT a). there is a 
canonical D(y)-isomorphism 

lim Horn' (Oy /T, T) = L] T = RFj T T, 
and it follows that for any i the stalk at x of the homology WLf*^ is 

h*(p; ^) = flm ff(p; ® OBii( Hom^^O^/j;,^)). 

Hence each element of the stalk is annihilated by a power of 30x,x , and (a) results. 

(b) The existence and uniqueness of a functorial map £(£) satisfying everything 
except the isomorphism property result from (a) and the fact that R-^Jq , is right- 
adjoint to the inclusion Dao x (X) <— > D(X). 

To show that £(£) is an isomorphism we may assume that ^ is afflne and that £ 
is K-flat, and then proceed as in the proof of (the special case) Propositiou l5.2.4r c'). 
via the bounded flat complex . 

(c) Let 3, 3 be defining ideals of y and X respectively, so that K. := 0O% C d- 
The natural map R/^Ri^ := Ri^Ri^- — > R/7^ =: R-Q is an isomorphism, as one 
checks locally via |A.TLI p. 20, Corollary (3.1.3)]. So for any £ 6 D(y), (b) gives 

Rr x Lf*£ = RF X Rr lc Lf*£ S Rj£L/*Rq'£. 

(d) ^ may be assumed bounded-below and injective, so that 

g n :=Hom'(Ox/TO x ,g) 

is flasque. 
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Then, since X is noetherian, r j0x Q = lim n Q n is Basque too, and 

R/*Ri] 0x <? = R/*i}o x ^ = /*lim Q n = lim f„Q n € D 3 (y). 

By Lemma l5.2.2l R/^j (resp. Rr jc)x ) is right-adjoint to the inclusion Dj(y) t — > D(^) 
(resp. Dje> x (X) D(X)), whence, in particular, the uniqueness in (d). Moreover, 
in view of (a), for any £ € Dj(y) the natural maps are isomorphisms 

Homy(£,Rr 3 R/*S) Homy (£, R/«g) Hom x (L/*£,S) 

Uomx(Lf*£,Rr 30x g) -=U Hom y (£,R/,Rr 30x g). 

It follows formally that the image under this composed isomorphism of the identity 
map of R.TJ R/*(? is an isomorphism as asserted. (In fact this isomorphism is adjoint 
to the composition L/*Ri;R/*£ g(R > R^ 0l L/*R/*£ — ^ R^ 0x £.) □ 

Definition 5.2.9. For a locally noetherian formal scheme X, 

D qc (X):=Rrr 1 (D qc (X)) 

is the A-subcategory of D(X) whose objects are those complexes T such that 
Hr^T e D qc (X)— or equivalently, Hr x T G D qct (X). 

Remarks 5.2.10. (1) By Proposition l5~TTT b). D qc (X) C D qc (X). Hence 

R^(D qc (X)) c D qc (X). 

(2) Since Ri^ is idempotent (see Proposition 15. 2. 1]! , the vertex of any triangle 
based on the canonical map R^£ —►£(£€ D(X)) is annihilated by Ri^. It 
follows that D qc (X) is the smallest A-subcategory of D(X) containing D qct (X) and 
all complexes T such that ~RT X T = 0. 

(3) The functor Ri^ : D(X) — > D(X) has a right adjoint 

A x (-):=RHom'(R.r x O x ,-). 
Indeed, there are natural functorial isomorphisms for £ ,!F € D(X), 
Hom D(x) (Rr^,^) Hom D(x) (£ ®Bl£O x ,F) 

(15) 

Hom D(x) (£,RWom*(Rr^ x ,^)). 

(Whether the natural map £ ® R/^O x Rr x £ is an isomorphism is a local 
question, dealt with e.g., in | AJLI p. 20, Corollary (3.1.2)]. The second isomorphism 
is given, e.g., by |Sp| p. 147, Proposition 6.6 (1)].) 

There is a natural isomorphism Hr x ^-^x-^-x ( see (d) in Remark 16.3.11 
below), and consequently 

A x (D qc (X)) c D qc (X). 

(4) If £ e D~(X) and S D qc (X) then 'RHom* {£ , T) £ D qc (X), and hence 
HTLom* {R.r x £ , T) € D qc (X). Indeed, the natural map 

B,F x m-Lom'{£ , RZ^) -► R.r x KHom' (£ , T) 

is an isomorphism, since for any <J in D t (X), C? ® £ £ D t (X) (an assertion which 
can be checked locally, using Proposition l5 . 2 . If a) and the complex K.^ in its proof), 
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so that there is a sequence of natural isomorphisms (see Proposition 15. 2. lT c)): 

Hom(^,R J T^RHom , (f,Rr^)) Hom(£, RHom*(£, Ri^:F)) 

Hom(g(§£,Rr^) 

Hom(£, RHom*(£, JF)) 
Hom(0,Ri^Rftom*(£, J 7 )). 

Since ^4 qc t(X) is plump in A(X) ( Corollary I5.1.3JI . Proposition 13.2.41 shows that 
Kr^RHom'(S,Kr^) G D qct (X), whence RW^.f) € D qc (X). 
From (3) and the natural isomorphisms 

KHom'(Rr^S, T) = RHom'(Rr^O x ®£,T) = A x RHom*(£, F) 
we see then that 

RHom* (Rix^> G D qc (X). 

(5) For f eD(l) it holds that 

J" € D q c(X) RHom'(O x /2, T) G D qct (X) for all defining ideals 3 of X. 

The implication => is given, in view of Corollary 15. 2. 31 by Proposition ^. 2. 4l and 
the converse is given by Lemma 15.4.11 since Corollary 15 . 1 .31 implies that D qct (X) is 
a A-subcategory of D(X) closed under direct sums. 

(6) Let /: X — * ^ be a map of locally noetherian formal schemes. For any 
T G D qc (y), Lemma lh . 1 . 41 and Proposition 13 . 3 . 51 give 

L/*Rr y 'jF G L/*(D qct (y)) c L/*(D e (y)) C D qc (X) c D qc (X), 
and so RHL/T = RKL/'RCf G D qct (X). Thus 

l5.2.8t c) 

L/*(D qc (y)) cD qc (X). 



COROLLARY 5.2.11. Let f : X — > ^ be an adic map of locally noetherian formal 
schemes. Then: 

(a) L/*(D t O0) C D t (X). 

(b) L/*(D qct (y)) C D qct (X). 

(c) There is a unique functorial isomorphism 

L/*Rr y '£ R^l/*£ (f g D(y)) 

whose composition with the natural map RF£Lf*£ — ► L*f*£ is the natural map 
L/*RJy£ — > Lf*£. There results a conjugate isomorphism of right- adjoint functors 

R/*A X £ AyR/*a (G G D(X)). 

whose composition with the natural map R/»C7 — ► Rf^AxS is the natural map 

R/.c; -a,r/.c;. 
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(d) If X is noetherian then there is a unique functorial isomorphism 

Rry'R/,£ R/*R^£ [g £ D+(X) or Q £ D qc (X)) 
whose composition with the natural map R/*R/^C? — > R/*C/ is the natural map 

Rr y 'R/*s -> Rf m g. 

(e) If X is noetherian then R/»(D qc (X)) C D qc (y). 

Proof. To get (a) and (c) take 3 in Proposition l5 . 2 .8l to be an ideal of definition 
of y. (The second assertionin (c) is left to the reader.) As D qct (y) = Dg(y)nD t (y) 
f Corollary 13.1.51 and Lemma l5.1.4|l . (b) follows from (a) and Proposition 13.3.51 
The same choice of 3 gives (d) for Q £ D + (X) — and the argument also works for 
Q £ D qc (X) once one notes that 

R/.BJ£(D qc (X)) c R/*(D qct (X)) c D qct (y) C D t (y). 

15^2.61 

The isomorphism in (d) gives (e) via Proposition 15.2.61 □ 

Corollary 5.2.12. In Corollary 15.2.71 if X is noetherian and Z = fQ X W 
then for all T £ T) qc (X) the map 0'^-= Ri^'(<V) is an isomorphism 

O'r- R-^y K yR-/o*-^ RiyR/*Kx^- 

Proof. Arguing as in Proposition 15.2.11 we find that RF Z T £ G qc z{X), so 
that we have the isomorphism Q-R.r z J r of Corollary 15. 2. 71 

Imitating the proof of Corollary 15 . 2 . 1 ll we get an isomorphism 

whose composition with the natural map Ri^/R/g* T — * R/q*-? 7 is the natural map 
^fv*R-r z T — > R/ „ T. 

Consider then the diagram 

K*yRf Jir z T ~ > ^Ri^R/ ^ ~ > R^'^R/o^ " at ' > ^R/ 04 ^ 

K H (a^-) 15.2. 41c) 

(1) 

X Z ETlc) X X IS.^.llI d) V X nat'l X 

It suffices to show that subdiagram (1) commutes; and since R-fy is right-adjoint 
to the inclusion D t (y) D(^) it follows that it's enough to show that the outer 
border of the diagram commutes. But it is straightforward to check that the top 
and bottom rows compose to the maps induced by the natural map R-T^ — > 1, 
whence the conclusion. □ 

5.3. From the following key Proposition ^. 3. Tl — generalizing the noetherian case 
of |AJLI p. 12, Proposition (1.3)] — there will result, for complexes with quasi- 
coherent torsion homology, a stronger version of the Duality Theorem 14.11 sec 
Section 



Recall what it means for a noetherian formal scheme X to be separated f i!3.4.1JI . 
Recall also from Corollarv l5. 1 .51 that the inclusion functor jt : *4 qc t(X) A(X) has 
a right adjoint Q%. 
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with bounded quasi-inverse R<2 X | D + pry 

(b) If X is separated, or of finite Krull dimension, then the extension of jX- 
induces an equivalence of categories 



Proof, (a) The asserted equivalence is given by Theorem 4.8]. The idea is 
that ,4 qc t(X) contains enough .At(X)-injectives ^ Proposition 4.2], so by |H1I p. 47, 
Proposition 4.8], D + („4 qct (X)) is equivalent to D+(y^ t (X)), which is equivalent 
to D+ t (X) (Proposition E2Hc)). 

Since RQ X is right-adjoint to j x (Lemma I5.2.2JI . its restriction to Di. t (X) is 
quasi-inverse to JxId+(.4 ot (X)V From the resulting isomorphism 



we see that if H l £ = then iPRQ x £ = 0, so that R<3 X | D + (X) 1S bounded. 

(b) By Lemma l5.2.2l and having the isomorphism l £ , we need only show that 
RQ X is bounded on D qct (X). 

Suppose that X is the completion of a separated ordinary noetherian scheme X 
along some closed subscheme, and let n : X — > X be the completion map, so that 
Qx ~ K *r z Q x K * (see remark following Corollary I5.1.5[l . The exact functor 
preserves K-injectivity, since it has an exact left adjoint, namely k*. Similarly 
Qx transforms K-injective .4(A)-complexes into K-injective .4 q c(A)-complexes. 
Hence RQ X = K*Ri^ qc RQ x K», where F z c : A qc (X) — > A qc z(X) is the restric- 
tion of r z . Now by the proof of [A.TLI p. 12, Proposition (1.3)], RQ X is bounded 
on D qc pf) D K»D qct (X) (Propo sitionlSTOI) . Also, by A.TL p. 24, Lemma (3.2.3)], 
RJ^ is bounded; and hence by jAJLI p. 26, Proposition (3.2.6)], so is r z c . Thus 
RQ X is bounded on D qct (X). 

In the general separated case, one proceeds by induction on the least number 
of affine open subsets covering X, as in the proof of jAJLI p. 12, Proposition (1.3)] 
(which is Proposition 15.3.11 for X an ordinary scheme), mutatis mutandis — namely, 
substitute "X" for "A," "qct" for "qc," "Q*" for "Q," and recall for a map v. V -> X 
of noetherian formal schemes that v*(-A qc t(V)) C _4 qc t(X) fProposition 15 . 1 . It . and 
furthermore that if v is affine then f*|x qc t(V) is exact (Lemmas 15 . 1 .41 and 13 . 4 . 2JI . 

A similar procedure works when the Krull dimension dim X is finite, but now 
the induction is on n(X) := least n such that X has an open covering X = U™ =1 tL 
where for each i there is a separated ordinary noetherian scheme Ui such that 
Hi is isomorphic to the completion of Ui along one of its closed subschemes. (This 
property of Uj is inherited by any of its open subsets) . 

The case n(X) = 1 has just been done. Consider, for any open immersion 
v: V X, the functor u qct := w*|>t qct (V)- To complete the induction as in the 
proof of jAJLI p. 12, Proposition (1.3)], one needs to show that the derived functor 
Rw qct : D(«4q C tOV)) — » D(X) is bounded above. 




D qc t(X), 



£ (£e D+ (X)) 
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For Af G >4qct(V), let N — > J* be an ^ qct -injective — hence flasque — resolution 
|Yl Proposition 4.2]. Now i? i Rw* ct (A/') is the sheafification of the presheaf send- 
ing an open Wclto HT(W n V, J') = H l (W n V,JV), which vanishes when 
i > dimX, whence the conclusion ( |L4I Proposition (2.7.5)]). □ 

5.4. Let (X, Ox) be a ringed space, and let J be an Ox-ideal. The next 
Lemma, expressing Ri^ as a "homotopy colimit," lifts back to D(X) the well- 
known relation 

1PBJ>0 = lim Exf 0x {O x /J n , G) {Q G D(X)). 

Define h n : D(X) -> D(X) by 

&„(£) := TLHom'(Ox/J n , G) (n>l,56 D(X)). 

There are natural functorial maps s„ : /i„ — > h. n +i and s n : h n ~> R-^j-; satisfying 
£n+is„ = s n . The family 

(l,-s m ): h rn -> h m hm+l C ©„>i^ n (™ > 1) 

defines a natural map s: (B n >ih n — > © n >ift n - There results, for each £/ S D(X), a 
map of triangles 

©n>lfrn<? " > ®n>lh n Q ► ?? - > 



y KrjG = RFjQ ~ i 

Lemma 5.4.1. XTie map e is a D(X) -isomorphism, and so we have a triangle 

S e n + 

®n>\h n Q y (B„>ih n Q ► JHEjO ► 

Proof. In the exact homology sequence 

— ► H\® n >i kg) ff i (©„>i — » #*(??) — » i/ j+1 (©„>i -» ••• 

the map ct 1 is injective, as can be verified stalkwise at each x € X. Assuming, as 
one may, that Q is K-injective, one deduces that 

H\77) = ljmH z (h n g) = H l lim(h n g) = H l lim Horn' (O x /J n , Q) = JT(RI>£), 
whence the assertion. □ 



6. Duality for torsion sheaves. 

Paragraph 16.11 contains the proof of Theorem [21 (section^, that is, of two 
essentially equivalent forms of Torsion Duality on formal schemes — Theorem 16.11 
and Corollarv ltj.1.41 The rest of the paragraph deals with numerous relations among 
the functors which have been introduced, and with compatibilities among dualizing 
functors occurring before and after completion of maps of ordinary schemes. 

More can be said for complexes with coherent homology, thanks to Greenlees- 
May duality. This is done in paragraph 16. 21 
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Paragraph s . 31 discusses additional relations involving R-TJc : D(X) — > D(X) and 
its right adjoint JLHom* (RF^O x , — ) on a locally noetherian formal scheme X. 

Theorem 6.1. (a) Let f: X — > y 6e a map o/ noetherian formal schemes. 
Assume that f is separated, or X has finite Krull dimens ion, o r else restrict to 

bounded-below complexes. Then the A-functor R/* : D qct (X) ^^^> D qct (y) * D(y) 
/ias a rig/if IS.- adjoint. 

In fact there is a bounded-below IS.- junctor / t x : D(y) — > D qct (X) and a map 
of A-functors r t : R/*/ t x — ► 1 swc/i £/iaf /or aZ/ £/ € D qct (X) and T £ D(y), the 
composed map (in the derived category of abelian groups) 

RHom£(£, f*T) RHoniy (R/*(?, R/*/ t x ^) 

-^RHom;(R/,5,f) 

is an isomorphism. 

(Jo) If g : y — > Z is another such map then there is a natural isomorphism 

(gf)t A x 5t x - 

Proof. Assertion (b) follows from (a), which easily implies that (g/) x and / t x <7 t x 
are both right-adjoint to the restriction of R(<?/)* = R.g»R/» to D qct (X). 

As for (a), assuming first that X is separated or finite-dimensional, or that only 
bounded-below complexes are considered, we can replace D qct (X) by the equivalent 
category D(„4 qct (X)) (Proposition 15.3. if) . The inclusion k: _4 qct (X) Ac(X) has 
the right adjoint F^. (r x (Ac(X)) C „4 qc t(X), by Lemma 15 . 1 . 41 and Corollary 13. 1.51 ) 
So for all ^4 qc t(X)-complexes Q' and ^4c'(X)-complexes T' there is a natural isomor- 
phism of abelian-group complexes 

Note that if T 1 is K-injective over As(X) then i^^ 7 ' is K-injective over ^4 qct (X), 
because FJ- has an exact left adjoint. Combining this isomorphism with the isomor- 
phism (|14|) in the proof of Theorem 14.11 we can conclude just as in part 4 at the 
end of that proof, with the functor / t x defined to be the composition 

DO*) Ki(y) ^ Kx(A-(X)) K!(^ qct (X)) D(A,ct(X)). 

(We have in mind here simply that the natural functor D(„4 qct (X)) — > D(^4g(X)) 
has a right adjoint. That is easily seen to be true once one knows the existence 
of K-injective resolutions in D(„4^(X)); but we don't know how to prove the latter 
other than by quoting the generalization to arbitrary Grothendieck categories |Fel 
Theorem 2], QVJS Theorem 5.4]. The preceding argument avoids this issue. One 
could also apply Brown Representability directly, as in the proof of Theorem ^ 
described in the Introduction.) 

Now suppose only that the map / is separated. If V is separated then so is X, 
and the preceding argument holds. For arbitrary noetherian y the existence of 
a bounded-below right adjoint for R/* : D qct (X) — > D(y) results then from the 
following Mayer- Vietoris pasting argument, by induction on the least number of 
separated open subsets needed to cover y. Finally, to dispose of the assertion 
about the RHom*'s apply homology to reduce it to / t x being a right adjoint. 

To reduce clutter, we will abuse notation — but only in the rest of the proof of 
Theorem O-by writing "/ x " in place of "/*•" 
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Lemma 6.1.1. Let f: X — ► y = U y 2 (^i open in y) 6e a map of formal 
schemes, with X noetherian. Consider the commutative diagrams 



X12 := Xi (~1 X2 



x 



(t = l,2) 



12 • 



where X, := f~ ly ^i and aZZ f/ie horizontal arrows represent inclusions. Suppose that 
for i = 1,2, 12, t/ie functor R/j* : D qct (Xi) — * D(^) /ias a rig/it adjoint f i . Then 
R/* : Dq C t(X) — + D(y) /ias a rig/i£ adjoint f x ; and wi£/i £/ie inclusions y\2 := yi°Pi, 
x\2 := Xi°qi, there is for each T € D(V) a natural D(X) -triangle 

- Rx u ffyir e R^/ 2 x 2/ 2 *^ Rx 12 j x ^ 2 .f - (/ x ^)[i] . 

Remark. If we expect f x to exist, and the natural maps — > / x y* to be 
isomorphisms, then there should be such a triangle — the Mayer-Vietoris triangle 
of / X .F. This suggests we first define Ajr, then let / X .F be the vertex of a triangle 
based on A;f , and verify . . . 



Proof. There are natural maps 

n : R/i,/* -» 1, r 2 : R/ 2 J* -> 1, r 12 : R/ 12 ,/* 2 - 1. 

For % = 1,2, define the "base-change" map <?*/* — > /12P* to be adjoint under 
Theorem 16. II to the map of functors 

natural 

This /3j corresponds to a functorial map /3j' : — > Rg«/ X 2 p*, from which we obtain 
a functorial map 

R^i*/j Hi * R x i*RQi*fl2Pi Vi * ■f^ x 12*/l 2 2/l2 J 

and hence a natural map, for any T G D(y): 

£>°(JP):= Rzjfj/^ ffi R^/^'f ^ Ra:^,/^?/ =: b\T). 

Embed this map in a triangle D{T), and denote the third vertex by f x {T): 

D{T): f x T ^ D°{T) ^ D 1 ^)^ {f x T)[l\. 

Since D ^) and D 1 ^) are in D qct (X) (see Proposition l5 . 2 . 6|l . therefore so is f x T 
(Corollary I5.1.3fl . 

This is the triangle in Lemma Tfi. 1.11 Of course we must still show that this f x 
is functorial, and right-adjoint to RJ*. (Then by uniqueness of adjoints such a 
triangle will exist no matter which right adjoint / x is used.) 
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Let us next construct a map t^: R/*/ x J r —tT{T<^ D(y)). Set 
We have then the Mayer- Vietoris D(y)-triangle 

arising from the usual exact sequence (Cech resolution) 

-> J 7 -> j/j.yJ'J 7 © ^2*^2-^ -> Vl2*V*2^ 0, 

where J 7 may be taken to be K-injective. Checking commutativity of the following 
natural diagram is a purely category-theoretic exercise (cf. IL4I Lemma (4.8.1.2)] : 

R/*£>°(JF) ► Kf.D 1 ^) 



nMB.x u f?yiF © Hx 2 J x y* 2 T) 



Ryi*R/i*/i x y\? © R2/ 2 *R/ 2 */ 2 x ^ 

1-101-2 



R.f* R ;E 12* /l2 Vvz-F 

Ryi2*R/l2*/l2 2/l*2-^ 

Ryi2*2/i2^ 



c°(^) ► c\T) 

This commutative diagram extends to a map f-p of triangles: 

R/*/ x ^ ► Rf*D°(T) ► R/^p 7 ) ► R/*/ x ^[l] 

T ► C a {T) ► > 

The map Tjr is not necessarily unique. But the next Lemma will show, for 
fixed T, that the pair (f x J-, T-p) represents the functor 

Hom D(y) (R/»£, T) {£ € D qct (X)). 

It follows formally that one can make / x into a functor and r: R/*/ x — > 1 into 
a morphism of functors in such a way that the pair (/ x ,t) is a right adjoint for 
R/* : Dq C t(X) — * D(y) (cf. |M11 p. 83, Corollary 2]); and that there is a unique 
isomorphism of functors 0: f x T 2 Ti/ X (where Tj and T2 are the respective 
translations on D qct (X) and D(y)) such that (/ x ,6) is a A-functor A-adjoint 
to R/„ (cf. |L4I Proposition (3.3.8)]). That will complete the proof of Lemma lfi.l.ll 

□ 

Lemma 6.1.2. For £ £ D qc t(X), and with f x T, as above, the composition 

Hom Dqct(X) (£, f x T) Hom D(V) (R/.f , R/*/ x ^) Hom D(y) (R/*£, JF) 

?s an isomorphism. 
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Proof. In the following diagram, to save space we write H% for Hom Dqct (x), 
Hy for Homrj(y), and /* for R/*: 



H x (e,(D°F)[-i]) 

I 



H X (£,D°T) 
H X (£,D^) 



I 

Hy(f*£,U(D^){-l})) 



Hy{f*£J*D°T) 



Hy(f,£,f.£) 1 f) 



Hy(f*£,(C°F)[-l}) 

I 

Hy{f*£,{&F)[-l]) 

I 

Hy{f*£,F) 

I 

Hy(U£,C°F) 



Hy(f*£,C l F) 



The first column maps to the second via functoriality of /* , and the second to 
the third via the above triangle map f^; so the diagram commutes. The columns 
are exact |H1I p. 23, Prop. 1.1b)], and thus if each of the first two and last two 
rows is shown to compose to an isomorphism, then the same holds for the middle 
row, proving Lemma 16.1.21 

Let's look at the fourth row. With notation as in Lemma Rj.l. II ("and again, with 
all the appropriate R's omitted), we want the left column in the following natural 
diagram to compose to an isomorphism: 



H x {£,x„f*y*T) 



Hy{f*£,Uxi*f*y*F) 
Hy{f*£,yM*ytF) 

via Ti 

Hy(f*£, yi*y*F) 



Hy t {fi*x*£J„f*y*F) 



[via r, 

HyMf*£,y*r) 



Here the horizontal arrows represent adjunction isomorphisms. Checking that the 
diagram commutes is a straightforward category-theoretic exercise. By hypothesis, 
the right column composes to an isomorphism. Hence so does the left one. 

The argument for the fifth row is similar. Using the (easily checked) fact 
that the morphism f*D° — ► C° is A-functorial, we find that the first row is, up 
to isomorphism, the same as the fourth row with 1] in place of T, so it too 
composes to an isomorphism. Similarly, isomorphism for the second row follows 
from that for the fifth. □ 
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Examples 6.1.3. (1) Let /: X — > y be a map of quasi-compact formal schemes 
with X properly algebraic, and let / x be the right adjoint given by Corollary 14. 1.11 
Using Proposition 15 . 2 . ll we find then that / t x := RJ^o/ x is a right adjoint for the 
restriction of R/* to D qct (X). 

(2) For a noetherian formal scheme X, Theorem l6 . 1 1 gives a right adjoint 1 ! := l x 
to the inclusion D qct (X) <—* D(X). If Q G D qc (X) (i.e., Rr^G <E D qct (X), see 
Definition I5.2.9|) . then the natural D qct (X)-map RF^G — ► l'Q (corresponding to 
the natural D(X)-map IcLF^G — ► Q) is an isomorphism, see Proposition 15 . 2 .11 

(3) If X is separated or if X is finite- dimensional, then we have the equivalence 
jx ■ D(^4 qc t(X)) Dq C t(X) of Proposition l5 . 3 . ll and we can take 1 ! := j% ° R<?x> 
see Corollary 15.1.51 and Lemma f5. 2. 21 

(4) Let /: 1 -> y be a closed immersion of noetherian formal schemes (see 
[GDI p. 442]). The functor /*: A(X) -> A(ty is exact, so R/» = /*. Let 3 be the 
kernel of the surjective map -» f*Ox and let y be the ringed space (V, Oy/3), 
so that / factors naturally as X — > y A y, the map / being flat. The inverse 

isomorphisms >4(X) ^zz?^4(y) extend to inverse isomorphisms D(X) D(y) 

The functor : .A(y) -> .4(9) defined by Hj(F) := Hom(Oy/3,F) has an 
exact left adjoint, namely i*: 4(9) — » 4(y), so 7Yj preserves K-injectivity and 
RHj is right-adjoint to i* : D(y) — > D(y) (see proof of Lemma f5.2.2|) . Hence the 
functor : DQJ) -» D(ij) defined by 

(16) /1(^):=rRW J (^) = /*R7tom*(0 1< A^) (f6D(D)) 
is right-adjoint to = i*/*, and /» : D qct (X) — * D(y) has the right adjoint 

/,': /': 1 ! / : - 

We r ecall that Q £ 4(X) is quasi-coherent iff £0 G 4 qc (y) iff /*g 6 4 qc (y), 
see [GDI p. 115, (5.3.15), (5.3.13)]. Also, by looking at stalks (see H1.2.1[) we find 
that f*Q G 4 t (y) =>• G 4 t (X). Hence Remark E2HH4) together with the isomor- 
phism = Ri^'R/* of Corollary EHIJd) yields that /*D+ QJ) C D+(X); 
and given Corollary 15331 Proposition l3~2~l yields / h D+ ct (y) C D+ ct (X). Thus if 
T G D+(y) then by (2) above, / ! ^ Ri^JF; and if ^ G D+ ct (y) then/ 1 ^ = 

(5) Let /: X — > y be any map satisfying the hypotheses of Theorem 16. II Let 
3 C Ox and 3 C Oy be ideals of definition such that 30x C 3, and let 

X n := (X,O x /3 n ) (y,OyA n ) =: ^ (n > 0) 

be the scheme-maps induced by /, so that each /„ also satisfies the hypotheses 
of Theorem 16.11 As the target of the functor (/„)* is D qct (A„) = D qc (A„), we 
write f£ for (f n )t ( see (1) above). If j n : X n <-^> X and i n : Y n <—> y arc the 
canonical closed immersions then fj n — i n f n , and so j n f* = f£i' n - 

The functor j\ : D(X) — > T>(X n ) being as in (|16f) . we have, using (4), 

KG := RUom'(O x /3 n , G) = MiG = M n G (G G D+(X)). 

Hence for G '■= ft3~ {J~ S D + (y)), Lemma lS . 4 1 11 gives a "homotopy colimit" triangle 

ffin>lJnt/ n X ' n -f ► ®n>l jn*fn i n J~ ► * 
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Once again, D qc (X):= (Ri^)" 1 D qct (X) (Definition 

Corollary 6.1.4. (a) Let f: X — > y be a map of noetherian formal schemes. 
Suppose that f is separated or that X has finite Krull dimension, or else restrict to 
bounded-below complexes. Let Ax : D(X) — > D(X) be the bounded-below A-functor 

A x (-):=B.Hom'(Rr x O x> -), 

and let f* : DQ4) -> D qc (X) &e fte A-functor /*:= A x / t x (see Example EZUHft )). 
TTie functor f* is bounded-below, and is right-adjoint to 

R/.RZJ: D qc (X) D qct (y) D(U). 

(In particular with j : D(^(X)) — * D(X) i/ie natural functor, the functor 

R/.R735i:D(^e(X))-»D(y) 

/las i/ie bounded-below right adjoint RQ x / # — see Proposition 13. 2. SI 1 
In /aci i/iere is a map of A-functors 

sttc/i </iat /or a// € D qc (X) and G D(y), i/ie composed map 

RHom x (g, f*T) " atural > RHomy (R/*R2^<?, R/»Ri^/*.F) 
-^-^ RHom' (R/»R/£G, .F) 

is an isomorphism. 

(b) If g : y — > Z is another such map then there is a natural isomorphism 

(<?/)* /y. 

Proof, (a) The functor Ax is bounded below because Ri^Ox is locally iso- 
morphic to the bounded complex K.'^ in the proof of Proposition 15. 2. lT a). hence 
homologically bounded-above. Since Ax is right-adjoint to Ri^ ( see G30i ( a ) 
follows directly from Theorem 16. II 

(b) Propositions 15. 2. "51 and IS* 2. If a) show that for any Q G D qct (X) we have 
THyUffG = HftG, and hence the functors / t x Ay and / t x are both right-adjoint 
to Rj*|D qct (X)i so they are isomorphic. Then Theorem I6.1f b) yields functorial 
isomorphisms 

( 5 /) # = Ax(ff/) t x ^ AxA x 3t x ^ Ax/ t x A,.g x = fg*. 

□ 

Here are some "identities" involving the dualizing functors f x (Theorem 14.10 . 
f t x (Theorem EU), and /*:= A x / t x (Corollary EXJJ. 

Note that Ax is right-adjoint to Ri^ci sec (11511 . Simple arguments show that 
the natural maps are isomorphisms Ax Ax Ax, R-^x -f^x-^-x, see (b) 
and (d) in Remark fo. 3. If 1). 
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Corollary 6.1.5. With the notation of Corollary 16.1. 41 

(a) There are natural isomorphisms 

R rif /*, f A x / t x , 

R^x/t* ft, f Ax/ # 

(b) XTie natural functorial maps R-fy — > 1 — > Ay induce isomorphisms 

/ t x Rr; ^ /* ^ / x a,, 

/ # Rr y ' / # / # Ay. 

(c) There are natural pairs of maps 

/ x ^Rr^/ x ^/ x , 

eacft of which composes to an identity map. If X is properly algebraic then all of 
these maps are isomorphisms. 

(d) If f is adic then the isomorphism R/^R/^j <- 21 - RJ^'R/^ji in 15.2. llT d - ) 
induces an isomorphism of the right adjoints (see Theorem 14.11 Proposition I3.2.3|) 

/ x A y RQ x / # . 

Proof, (a) The second isomorphism (first row) is the identity map. Proposi- 
tion yields the third. The first is the composition 

R^J* = R^A X / X ^ Rr x/t X ft- 
The fourth is the composition 

/ 8 = A :v // A x Ax/t X A v .f. 

(b) The first isomorphism results from R/y being right adjoint to the inclu- 
sion Dt(V) D(y) (see Proposition 15.2. If c)). For the second, check that / t x 
and / t x Ay are both right-adjoint to R/*|D qct (X) ■ ■ ■ (Or, consider the composition 
/ x ^ / t x R-fy /t X R^y' A y /t XA y-) Th en apply A x to the first row to 
get the second row. 

(c) With k : D(^ qct (X)) -> D(„4 ? (X)) the natural functor, let 

a: fcRQ x /t X -/ X 

be adjoint to R/*jfcRQ x / t x ^Pr/*/ x ^ 1. By Corollary l5~2~31 j(a): f t x -» 
j/ x factors naturally as 

Let «2 be the map adjoint to the natural composition R/*R_? x i/ x — * R/*j/ x — > 1. 
One checks that rt ° R/*(a2ai) = rt (it as in Theorem l6.1|l . whence a2ai = identity. 

The pair j3\ , /?2 is obtained from cti , a2 by application of the functor Ax — 
see Corollary 15.2.31 (Symmetrically, the pair a.\ , oli is obtained from [3\ , fii by 
application of the functor R-^.) 

When X is properly algebraic, the functor j is fully faithful (Corollary 13. 3. 4fl : 
and it follows that R/^j/ x and / t x are both right-adjoint to R/*|D qct (X)- 

(d) Straightforward. □ 
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The next three corollaries deal with compatibilities between formal (local) and 
ordinary (global) Grothcndicck duality. 

Corollary 6.1.6. Let /o: X — ► Y be a map of noetherian ordinary schemes. 
Suppose either that /q is separated or that X is finite- dimensional, or else restrict 
to bounded-below complexes. Let W C Y and Z C f^W be closed subsets, : y = 
Y/w ~ * Y and k x : X = X/z — * X the respective completion maps, and f : X — ► y 
the map induced by /o. 

X:= X/z — ~ — > X 

4 l f ° 
^ : =^ ^ 

WiiA / X := (/o)t right-adjoint to R/» : D qc (A") — > D(Y), let t( be the composition 

T/ien /or c^/ £ € D qct (X) and T € D(^), i/ie composed map 
a{£,T): Hom D(X )(£, ^R-^z/o^y*-? 7 ) — * Hom D(y) (R/»f , R/»/i x Ri]j/ x ^y* F) 

— ► Hom D(y) (R/»£, F) 

via r t 

is an isomorphism. Hence the map adjoint to r[ is an isomorphism of functors 

K xR-Tz/o K y* ft ■ 
Proof. For any £ € D qct (X), set £ := n x ^£ € D qcZ (X) (Proposition 
Proposition E23 and jA.TLI p. 7, Lemma (0.4.2)] give natural isomorphisms 

Hom D( x)(£ , K X R,T z g) Hom D(X )(fo, R-Tz<?) Hom D(X )(£o, £) 

(0 G D qc (X)). 

(In other words, K x Rr z Q = (k x )*Q.) One checks then that the map a(£,T) 
factors as the sequence of natural isomorphisms 

Hom D(I) (£,KjRr z / x K a ,J) Hom DW (f ,/o X «y*J 7 ) 

Hom D(y) (R/ ^ , Ky,-? 7 ) 

Hom D(y) (KyR/ „£ ,-? r ) 

Hom D (y)(R/»K X £ , •? r ) ( Corollary 15. 2. 7JI 

Hom DW (R/»£,.F). □ 

Corollary 6.1.7. With hypotheses as in Corollaru 16.1.61 

(a) There are natural isomorphisms 

R- r x K xfo K })* = ( K x)tfo K ))* /*) 

^i K i/o XK y* = K xfo K y* y f > 

and if fo is proper, Y = Spec(A) (A adic), Z — fg 1 W, then with f x as in Corol- 
lary ET3 x x 

K xJo K y* * J ■ 

(b) The functor f^ z := R_T^/ X : D(Y) — ► D qc ^(X) is right-adjoint to the func- 
tor R/*|d c1cZ (x) ; and there is an isomorphism 

K xfa,z K y* * ft ■ 
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(c) If X is separated then, with notation as in Section 13.81 the functor 

fi z := j x RQ x RHom x (Rr z O x , : D(F) -> D qc (A) 

is right- adjoint to R/ 0jf R/^|D qc (A) i arl ^ ^ * s properly algebraic, so that we have 
the equivalence j x : D(.Ag(X)) — > D^(X) {Corollary I3.3.4J ) . f/iere is an isomorphism 

K xfo,z K y* * Jx R< 2x/ • 

Proof, (a) The first isomorphism combines Corollary 16. 1.61 fin proving which 
we noted that n x Rr z Q = (k x )*Q for Q G D qc (A)) and Proposition 15.2.41 The 
second follows from /* = Ax/ t x - The third is Corollary 14. 1.21 

(b) The first assertion is easily checked; and the isomorphism is given by Corol- 
lary EIOl 

(c) When X is separated, j x is an equivalence jA.TLI p. 12, Proposition (1.3)], 
and then the first assertion is easily checked. 

From Corollary 16 . 1 . 61 and Proposition 15.2.41 we get an isomorphism 

R- r zfo K \i* K x*ft- 
As in Corollarv l5.2.3l the natural map is an isomorphism 

miom x {nr z o x , Q) RHom x (Rr z o x , Rr z g) (g e D qG pQ). 

When X is properly algebraic, j x RQ x = K x j x RQ x n Xsf ^Proposition I3.2.3f . So 
then we have a sequence of natural isomorphisms 

^*xfo,z^* = K x j x RQ x RHom x (Rr z O x ,f^K^-) 

K x j x TLQ x R.Hom x (Rr z O x , Rr z f^n^-) 

K X j x RQ x RHom x (Rr z O x ,K X J t x -) 

K X j x RQ x K X ^RHom x (n x Rr z O x , f^-) 

j x RQ x RHom x (Rr x O x ,f*-) 

= j x RQ x f*. □ 

The following instance of "flat base change" will be needed in the proof of the 
general base-change Theorem 

Corollary 6.1.8. In Corollaru 16.1.61 assume further that Z = f a ~ 1 W. Then 
the natural map is an isomorphism 

R^/ X ^ Rr z f*Ky*K* y F {T e DOO), 

and so there is a composed isomorphism 

(: RrjK x f*F^ c K x Rr z f$F K x Rr z f* K y^F^J* K * y F. 

Proof. First, R/ ^(D qcZ (X)) C V qcW {Y). For, by [QI Proposition (3.9.2)], 
R/ 0t (D qc (X)) C D qc (F); and then the assertion follows from the natural isomor- 
phism of functors (from D qc (A") to D qc (F)) Rr w Rf 0:t = R/ Qa< R.C_ lw , because 
Q G Dgcz(-y ) (resp. H G D qcW (F)) iff Rr z ^ £ (resp. Rr^W = ft), cf. Propo- 
sition 15.2. If a) and its proof. (The said functorial isomorphism arises from the 
corresponding one without the R's, since R/g* preserves K-flabbiness, see 
5.12, 5.15(b), 6.4, 6.7]. 
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Now Corollary EED gives that the natural map is an isomorphism 
Hom D( y)(R/ „£, T) Hom D( y)(R/ ,f , k^hX^T) {£ £ D qcZ (X)), 
and the conclusion follows from the adjunction in Corollary 16. 1 . 7( b) . □ 



6.2. The next Proposition is a special case of Greenlees-May Duality for formal 
schemes (see [A.IL'I Proposition 0.3.1]). It is the key to many statements in this 
paper concerning complexes with coherent homology. 

Proposition 6.2.1. Let X be a locally noetherian formal scheme, £ € D(X). 
Then for all T € D C (X) the natural map Ri^£ — > £ induces an isomorphism 

KHom'iS,^) WKorn{Hr^£,T). 

Proof. The canonical isomorphism (cf. \ib\ ) 

RHom'iKr^S,^) KTiom' (£, KHom' (RLxO x , J 7 )) 

reduces the question to where £ = Ox ■ It suffices then — as in the proof of Corol- 
lary [^^21 — that for affine X — Spf(A), the natural map be an isomorphism 

Hom D(x) (O x ,^) Horn D(x) (R^0 X) JF) (JF £ D C (X)). 

Let / be an ideal of definition of the adic ring A, set Z := Supp(A/7), and 
let k: X — > X := Spec(A) be the completion map. The categorical equivalences in 
Proposition ESQ] and the isomorphism K*Rr z O x RL^O^ m ProDOsition l5.2.4l 
make the problem whether for all F G T> C (X) (e.g., F = HQ n. t T := j x RQ x K. Jf T) 
the natural map is an isomorphism 

Hom D(x) (Ox,F) Rova u{x) (Kr z O x ,F). 

Now, the canonical functor j x : T>(A qc (X)) — ► D(_X") induces an equivalence of 
categories D(A qc (X)) D qc (X) (see beginning of t J3.3|l . and so we may assume 
that F is a K-flat quasi-coherent complex. Lemma 15.2.21 shows that j x HQ x is 
right-adjoint to the inclusion T) qc (X) T)(X). The natural map 

RHom'(O x ,F) -> miom'{Hr z O x ,F) 

factors then as 

TLHom'(O x ,F) = F^^j x TLQ x K«K*F 

(17) — » K^K* F 

lim F/(IO x ) n F -f^ RHom'(Rr z O x ,F), 

where the map A, obtained by applying k„ to the natural map from n*F to the 
completion F/ z , is a D(X)-isomorphism by |AJLI p. 6, Proposition (0.4.1)]; and 
$ is the isomorphism $>(F,O x ) of |AJLI §2]. (The fact that $ is an isomorphism 
is essentially the main result in |A.IL| .) Also, by adjointness, the natural map is 
an isomorphism 

Hom D(x) (Ox, j x HQxK*K*F) Hom D(x) (O x , k*k*F). 

Conclude now by applying the functor H°RL(X, -) to JITJl. □ 
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COROLLARY 6.2.2. Let f : X — * VJ be as in Corollary 16.1.41 and assume further 
that f is adic. Then for all T G D c (y) the map corresponding to the natural 
composition R/*Ri^j'/ x J- — > R/*j'/ x ^ r — > J 7 (see Theorem 14. Q is an isomorphism 

f*T RQ x f*F. 

Proof. By Proposition |6~2~T1 J 7 = Ay J 7 := RWora* (Rly (9u , J 7 ); so this 
Corollary is a special case of Corollary 16 . 1 . 5f d) . □ 

Corollary 6.2.3. In Corollary \t).lM suppose Y = Spec(^4) (A adic) and that 
the the map /o is proper. Then with the customary notation /g for / X we have, 
for any T G D+(V), a natural isomorphism 

«x/d««.^ ^ / # ^eD+(X). 

Proof. The natural map / ! Jy^Qyk^^ — ► /d^y^ is an isomorphism of func- 
tors from D(y) to D qc (A), both being right-adjoint to k^R/ ^. Proposition 13.3.11 
gives jyHQvn^T 6 D +QQ; so by V p. 396, Lemma 1], /^.F € D c + P0- 19 
Hence Proposition 16 . 2 . ll and Corollary 16 . 1 . 7f a) yield isomorphisms 

K*xfo K y*F R«om*(R1^0 x ,K x / o ! «; yjt .F) -. A X K X fo K y* T f?- □ 

6.3. More relations, involving the functors R-^Sc an d Ax := R7iom , (R/^C :x , — ) 
on a locally noetherian formal scheme X, will now be summarized. 

Remarks 6.3.1. Let X be a locally noetherian formal scheme. 

(1) The functor F := Rix : D(X) — > D(X) admits a natural map T — > 1, which 
induces a functorial isomorphism 

(A) Uom(r£,rT) Hom(r£,T) 6D(X)), 

see Proposition 15 . 2 . fT cl , Moreover i" 1 has a right adjoint, viz. A:= Ax (see 1151 1. 

The rest of (1) consists of (well-known) formal consequences of these properties. 

Since 7 is functorial, it holds that °y(rT) = -y{T) o r(-y(T)) : rTT -> T, so 

injectivity of the map in (A) (with £ = rF) yields -yirf) = r^F)) : rrf -» TJP; and 
one finds after setting T = _T£/ in (A) that this functorial map is an isomorphism 

(a) jin^r^-.rr ^ r. 

Conversely, given (a) one can deduce that the map in (A) is an isomorphism, whose 
inverse takes a: r£ — > T to the composition r£ ff£ Fa > rT. 20 The composed 

A(7) 

functorial map A : 1 — > AJ 1 > A induces an isomorphism 

(B) Hom(A£:,Ajr) ^ Hom(£:,Ajr) 6 D(X)), 

^For Q 6 D^ (Y) one has /5§ S D+(A"): The quest ion being local on X one reduces to where 
either X is a projective space Py and /o is projection, so that f^Q = f£ Q gj f2jjy y [rt] g D^"(X), or 
/o is a closed immersion and fotf^G = RHoniy(/o,Ojf , J) 6 D<^(Y) IH1I p. 92, Proposition 3.3] 
whence, again, /5C7 £ D C + (AT) p. 115, (5.3.13)]. 

20 The idempotence of r, expressed by (a) or (A), can be interpreted as follows. 

Set D := D(X), S := {£ 6 D r(£) = 0}, so that T factors uniquely as D-i D/S ^ D 
where g is the "Verdier quotient" functor. Then f is left-adjoint to q, so that S C D admits a 
"Bousficld colocalization." It follows from (c) and (d) below that S = { £ 6 D | A(£) = 0}, and 

(b) below means that ifte functor A: D/S — » D defined by A = Aoq is right- adjoint to q\ thus 
S C D also admits a "Bousficld localization." And D/S is equivalent, via P and A respectively, 
to the categories Dt C D and D" C D introduced below — categories denoted by S" 1 and """S 
in |N2] Chapter 8] . 
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or equivalently (as above), A induces an isomorphism 

(b) A(A) = A(A) : A -=U AA. 

Moreover, the isomorphism (A) transforms via adjointness to an isomorphism 
Hom(£-,Ar^) Hom(£,A.F) («,feD(X)), 
whose meaning is that 7 induces an isomorphism 

(c) Ar A. 
Similarly, (B) means that A induces the conjugate isomorphism 

(d) ta r. 

Similarly, that A(X(J r )) — or j(r(£)) — is an isomorphism (respectively that X(A(J r )) — 
or r(^f(£ )) — is an isomorphism) is equivalent to the first (respectively the second) of the 
following maps (induced by A and 7 respectively) being an isomorphism: 

(AB) Rom(r£,T) Hom{r£,AT) Rom(£,AT). 

That (c) is an isomorphism also means that the functor A factors, via F, through the 
essential image D t (X) of r (i.e., the full subcategory D t (X) whose objects are isomorphic 
to rS for some £); and similarly (d) being an isomorphism means that P factors, via A, 
through the essential image D"(X) of A; and the isomorphisms rAr = r and ATA = A 
deduced from (a)-(d) signify that A and r induce quasi-inverse equivalences between the 
categories D t (X) and D~(X). 

(2) If X is properly algebraic, the natural functor j : D(_4j(X)) — > D^(X) is an equiva- 
lence, and the inclusion Dg(X) > D(X) has a right adjoint Q := j'RQx (Corollary 13. 3. 41 ) 
Then (easily checked, given Corollary 13.1.51 and Proposition 15. 2. H all of (1) holds with 
D, D t , and A replaced by D5, D qct , and A c := QA, respectively. 

(3) As in (1), A induces an equivalence from D qc t(X) to D qc (X), the essential image 
of A|rj„ ot (X) — or i since A = AJP, of A| Dqc (x) (Proposition 15 . 2 ,Tt . So for any /: X — > y as 
in Corollary 16.1.51 the functor 

AyR/.RJi' : D qc (X) -> D qc (y) 

has the right adjoint Ax/ t RJy = Ai/ t x = /*. There result two "parallel" adjoint 
pseudofunctors [EU (3.6.7) (d)] (where "3.6.6" should be "3.6.2"): 

(R/. , / t x ) (on D qct ) and (A„ R/, Rj£ , f ) (on D qc ) . 

Both of these correspond to the same adjoint pseudofunctor on the quotient D qc / (SnD qc ), 
see footnote under (1). 

If / is adic then R/»Ax = AyR/» ( Corollary I5.2.1lf c11. and so Proposition 15.2.61 
gives that Rj»(D qc (X)) C D qc (y). Moreover, there are functorial isomorphisms 

A y R/»Rr x 'A x <* R/.A1HJ3JA1 S R/.A X . 

Thus for adic /, AyR/tRTJ' can be replaced above by R/». 
When / is proper more can be said, see Theorem 18.41 

7. Flat base change. 

A fiber square of adic formal schemes is a commutative diagram 

V — X 
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such that the natural map is an isomorphism V X xy XX. If 3, <J, % are ideals 
of definition of y, X, U respectively, then £:= SOv + OCOv is an ideal of definition 
of V, and the scheme V:= (V,Ov/£) is the fiber product of the (y, 0y /3)-schemes 
(X,O x /3) and (U,O u /0C), see [HI?! p. 417, Proposition (10.7.3)]. By [CTPT p. 414, 
Corollaire (10.6.4)], if is locally noetherian and the Oy-module L/C 2 is of finite 
type then V is locally noetherian. That happens whenever X, y and IX are locally 
noetherian and either u or / is of pseudo-finite type. 

Our goal is to prove Theorem l7.4l (= Theorem [3] of the Introduction). That is, 
given a fiber square as above, with X, y, XX and V noetherian, / pseudo-proper, and 
u flat, we want to establish a functorial isomorphism 

fc: RZ>*/t X ^ fffBJ^ti*^ (= g?u*T) {T e D+(y)). 

Some consequences of this theorem will be given in Section GO 
In order to define (3f (Definition 17.3(1 we first need to set up a canonical iso- 
morphism RJ^it*R/"» RX^Rg^w*. This is done in Proposition l7.2l (When u is 
adic as well as flat, RX^[ can be omitted.) 

Our proof of Theorem l7.4l has the weakness that it assumes the case when / is a 
proper map of noetherian ordinary schemes. As far as we know, the published proofs 
of this latter result make use of finite-dimensionality hypotheses on the schemes 
involved (see O p. 392, Thm. 2], |H1I p. 383, Cor. 3.4]), or projectivity hypotheses 
on / |H11 p. 191, 5]). There is however an outline of a proof for the general case, 
even without noetherian hypotheses, in }L5| — see Corollary 4.3 there. 21 

To begin with, here are several properties of formal-scheme maps (see HI. 2. 2(1 
which propagate across fiber squares. 

PROPOSITION 7.1. (a) Let /: X — > y and u : XX — * y be maps of locally noe- 
therian formal schemes, such that the fiber product X Xy XX is locally noetherian 
(a condition which holds, e.g., if either f or u is of pseudo-finite type, see (GDI 
p. 414, Corollaire (10.6.4)]). If f is separated (resp. affine, resp. pseudo-proper, 
resp. pseudo-finite, resp. of pseudo-finite type, resp. adic) then so is the projection 
X Xy XX — > XX. 

(b) With f: X — > y and u : XX — > y as in (a), assume either that u is adic or 
that f is of pseudo-finite type. If u is flat then so is the projection X Xy XX — * X. 

(c) Let f : X — * y, u : XX — * y be maps of locally noetherian formal schemes, with 
u flat and locally over y the completion of a finite-type map of ordinary schemes. 
Then X x y XX is locally noetherian, and the projection X x y XX — * X is flat. 

Proof, (a) The adicity assertion is obvious, and the rest follows from cor- 
responding assertions for the ordinary schemes obtained by factoring out defining 
ideals. 

(b) It's enough to treat the case when y, X, and XX are the formal spectra, 
respectively, of noetherian adic rings (A, I), (B,J) and (C,K) such that B and C 
are A-algebras with J D IB and K D IC, and such that B ®a C is noetherian 
(since X Xy XX is locally noetherian, see GD, p. 414, Corollaire (10.6.5)]). By the 
following Lemma lY.l.ll the problem is to show that if C is A-flat and either K = IC 
(u adic), or B/J is a finitely-generated A-algebra (/ of pseudo-finite type), then 
B§> A C is B-flat. 



21 Details may eventually appear in IL4I . It is quite possible that the argument can be 
adapted to give a direct proof for formal schemes too. 
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The local criterion of flatness [H p. 98, §5.2, Thm. 1 and p. 101, §5.4, Prop. 2] 
reduces the problem further to showing that for all n > 0, (B ® A C) / J n (B ® A C) is 
(S/J")-flat, i.e., that (B/J n ) ® A C is (B/J n )-flat. But, C being A-flat, if K = IC 
then (B/J n )® A C = (B/J n ) ® A/In (C/I n C) is clearly B/J n -flat; while if B/J is 
a finitely-generated A-algebra, then (B/J n ) (8 a C is noetherian and (i3/J")-flat, 
whence so is its if-adic completion (B/J n ) ® A C. 

(c) Proceeding as in the proof of (b), we may assume C to be the if'-adic 
completion of a finite-type A- algebra C (K' a C'-ideal). If C is A-flat then by [HI 
§5.4, Proposition 4], the localization C" :— C'[(l+K')~ 1 ] is A-flat, so the noetherian 
B-algebra B ® A C" is £?-flat, as is its (noetherian) completion B ® A C. □ 

Lemma 7.1.1. Let ip : A — > C be a continuous homomorphism of noetherian 
adic rings. Then C is A- fiat iff the corresponding map Spf (</?): Spf(C) — > Spf(A) 
is flat, i.e., iff for each open prime q C C, C{ q y is A{ v -i q y-flat. 

Proof. Recall that if K is an ideal of definition of C and q D K is an open 
prime ideal in C, then with C\q ordered by divisibility, 

feC\ g 

where Git\ is the -ftf-adic completion of the localization Cf. 

Now for each f ^ q and n > the canonical map Cf /K n Cf — > C{/} is 
bijective, so the lim of these maps is an isomorphism C q /K n C q C{ 9 } /K n C{ q y, 
whence so is the -ft"-adic completion C q Cs q \ of the canonical map C q — > C^ q y. 
We can therefore apply |E1 §5.4, Proposition 4] twice to get that C q is A v -i 9 -flat 
iff C{ 9 } is A/^-igi-flat. So if C is A-flat then Spf(<^) is flat; and the converse holds 
because C is A-flat iff C m is A v -i m -flat for every maximal ideal m in C, and every 
such m is open since C is complete. □ 

Proposition 7.2. (a) Consider a fiber square of noetherian formal schemes 

V — X 

a f 



with u and v flat. Let 

i> g : R<7*Rr>*£ -> RL^Rg^g (Q e D qc (X)) 

be the unique map whose composition with the natural map RL^Rg^Q — > Rg*v*Q 
is the natural map Rg*RTyV*Q — > Rg*v*G . (The existence of ipg is given by 
Provositions \5.2A\ and r5.2.6\ ) Then for all £ € D qct (X), ipg is an isomorphism. 

In particular, if u (hence v) is adic then ipg can be identified with the identity 
map of Rg*v*£. 

(b) Let X, U be noetherian formal schemes, let f : X — > ^ and u: U — ► y be 
maps, with u flat, and assume further that one of the following holds: 

(i) u is adic, and V:= X Xy U is noetherian, 

(ii) / is of pseudo-finite type, 

(iii) u is locally the completion of a finite-type map of ordinary schemes; 
so that by Proposition 17.11 we have a fiber square as in (a) . Let 

6 g : u*RfiG -» Rg*v*Q (Q e D(X)) 



74 



LEOVIGILDO ALONSO, ANA JEREMIAS, AND JOSEPH LIPMAN 



be adjoint to the canonical map Rf*Q — * Rft,Rv*v*G = Ru*Rg*v*G. 
Then for all £ S D qct (X), the map 6' £ := RJ^(0g) is an isomorphism 

e' £ -. rj^*r/*£ R^R 5 ,w*f. 

In particular, if u (hence v) is adic i/ien tee// is an isomorphism. 
(c) Under the hypotheses of (a) resp. (b), if / (hence g) is adic then ip£ resp. 9 £ 
is an isomorphism for all £ € D qc (X) (see Definition I5.2.9| ). 

Proof, (a) Let 3 be an ideal of definition of X, and K. of U, so that 30v +ICOv 
is an ideal of definition of V. The obvious equality r 3 o v +KO v = -^ee> v ^30v> a PP ue d 
to K-injective Ov -complexes, leads to a natural functorial map 

^^^ Rr 30v+KOv > Rr KOv Rr 30v 



which is an isomorphism, as one checks locally via |A.TLI p. 20, Corollary (3.1.3)]. 
Also, there are natural isomorphisms 

R-^oX^ v*Rtt£ = v*RR£ v*£ (£ e D qct (X)). 

Thus the natural map R-Z^ — * R/^q^, induces an isomorphism — the composition 
Rg*R^V£ R5*R^e> v R^ 0v t'*£ Rp»RJ^ 0v i;*5. 

Since (*): R.g„R^c, v w*f = R£*R-fyU*£ 6 D t (U) fPropositions l5"Tl1 and l5~!Hty 

therefore we can imitate the proof of Proposition l5 . 2 . 8T d) — without the boundedness 
imposed there on Q, since that would be needed only to get (*) — to see that the 
map Rg*Rr jC0v v*£ — ► Rg*v*£ induced by RI^ — ► 1 factors uniquely as 

Rg*Rr KOv v*£ Rr^Rg^v*£ — > Rg*v*£, 

with the first map an isomorphism. It follows that ips is the composed isomorphism 

Rg*RI^,v*£ Rg*Rr jCOv Rr g0v v*£ Rg*Rr tC(Dy v*£ Ri^Rg*w*f. 

The last statement in (a) (for adic u) results then from Corollarv l5.2.11f b'l and 
Propositions 15.2.61 and I5.2.1f a) . 

(b) Once 9' £ is shown to be an isomorphism, the last statement in (b) (for 
adic u) follows from Corollary 15 . 2 . 1 If b - ) . and Propositions 15 . 2 .51 and l5*~2 . If a) . 
To show that Q' £ is an isomorphism, it suffices to show that the composition 

il>c% : Ri#u*R/,£ -> Rg*RF{,v*£ (£ € D qct (X)). 

is an isomorphism. We use Lemma l5.4.1l to reduce the problem, as follows. 

First, the functors u*, v*, RI^ and RI^ are bounded, and commute with 
direct sums: for u* and v* that is clear, and for RI^ and RJy it holds because 
they can be realized locally by tensoring with a bounded flat complex (see proof 
of Proposition l5~2.1fl . Furthermore, Lemma f5. 1.41 Proposition 15.2.11 and Proposi- 
tion show that R/^i>*D qct (X) C D qct (V); and the functor Rg* (resp. R/*) 
is bounded on, and commutes with direct sums in, D qct (V) (resp. D qct (X)), see 
Propositions 15 . 1 . 41 13 . 4 . 31 and 13 . 5 . 21 Hence, standard way-out reasoning allows us to 
assume that £ <E DZ. t (X) . 

Next, let 3 be an ideal of definition of X, X n (n > 0) the scheme (X, Ox/3 n ), and 
jn ■ X n =— > X the associated closed immersion. The functor j n * ■ A(X n ) — > A(X) is 
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exact, so it extends to a functor T>{X n ) — > D(X). The functor j\ : D(X) — * D(X n ) 
being denned as in (|16j) . we have 

h n (G) := RHom'(Ox/3 n , G) = jn*jlG (G € D(X)). 
If £ G D ( J. t (X) then £ = RXj£ ( Proposition 15. 2. TT a)), and, as noted just af- 
ter (I16[) . j\£ £ T> qc (X n ). Hence, from the triangle in Lemma T5 . 4 . II ( with Q replaced 
by an £ £ D ( j ct (X)) we derive a diagram of triangles 



Ri>*Rf»(e„>i/i„£) 



l > 1 Kg^KryV*h n £ 



nr^u*Rf,(® n >ih n £) 



3ri>lR^uW*R/»/l n £ 

®U>l£e e 'h n e 
3n> 1 R.9* R-^v w*ft,„ 5 



R2^u*R/*(Ri;£) 



RI>*R/*£ 
Rg»Ri>*£ 



R£7*RI>*(ffi n >ifr n £) — ► R 3 »Ri>*(®„>ifc„£) — * R^,Ri^«*(RiJf) — ■> 

From this diagram we see that if each f is an isomorphism, then so is ip £ ~ 1 0' £ . 
So we need only prove (b) when £ = j n *T with T:= j\£ £ D qc (X n ). Let us show 
that in fact for any n > and any T £ D qc (X n ), 9 1 * p is an isomorphism. 

The assertion (b) is local both on y and on IX. Indeed, for (b) to hold it suffices, 
for every diagram of fiber squares 



V 



V 

4 

w 



X' 



/' 



X 



y 



where y ranges over a base of open subsets of y, II' ranges over a base of open 
subsets of u -1 ^', v! is induced by u, and i, i' are the inclusions, that i'*0' £ (= 0g|u') 
be an isomorphism. Now when u is an open immersion, Qg is an isomorphism for 
all Q £ D(X). (One may assume Q to be K-injective and note that v*, having the 
exact left adjoint "extension by zero," preserves K-injectivity, so that Og becomes 
the usual isomorphism u*f*Q g*v*Q). Thus there are functorial isomorphisms 
i'*Rg* TLglj'* and i*R/* Hf£j*; and similarly there is an isomorphism 
i'*RE[ RE[,i'*- So it suffices that the composition 



be an isomorphism; and with a bit of patience one identifies this composition with 

RY u ,it i R/*<t — > RY u ,u R/„j c ► Hl U iti.g^v j £, 

thereby reducing to showing that 9j, £ is an isomorphism. Thus one may assume 
that both y and U are affine, say y = Spf(A) and II = Spf(C) with C a flat 
A-algebra fLemma 17. 1.1(1 . 

Suppose next that X and y are ordinary schemes, so that y = Spec(^4). In 
cases (i) and (ii) of (b), set C" := C, and in case (iii) let C" be as in the proof of 
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part (c) of Proposition 17. II In any case, C" is A-flat, C is the if-adic completion 
of C" for some C"-ideal K, Xx^Spf(C) is the -ftf-adic completion of XxySpec(C"), 
and we have a natural commutative diagram 



X Xy Spf(C) 

4 



X x y Spec(C") 

-I 

Spec(C") 



X 

1' 



Spf(C) 

With r' denoting T^ p {/c)' @£ =: f' u ) factors naturally as the composition 

Ri u 2 u 1 Rj r t > Ri w 2 Rg 1 »u 1 c > R7 u 2 R(7*w 2 w i^- 

Here 0(£,f,ui) is an isomorphism because all the schemes involved are ordinary 
schemes. (One argues as in |H1I p. Ill, Prop. 5.12], using AHK p. 35, (6.7)]; for 
a fussier treatment see |L4I Prop. (3.9.5)].) Also, 9'(v*£,gi,U2) is an isomorphism, 
in case (i) of (b) since then u 2 and vi are identity maps, and in cases (ii) and (iii) 
by Corollary 15 . 2 . 1 21 since then X Xy Spec(C") is noetherian. Thus: 

Lemma 7.2.1. Provosition 17.21 holds when X and y are both ordinary schemes. 

We will also need the following special case of Proposition 

Lemma 7.2.2. Let 3 be an ideal of definition of y, Y n the scheme (y,0y/!J™), 
and i n : Y n c — > the canonical closed immersion. Let u n : Y n Xy IX — ► Y n and 
p n : Y n Xy IX — > IX be the projections (so that u n is flat and p n is a closed immersion, 
see |GDI p. 442, (10.14.5)(ii)]). Then the natural map is an isomorphism 

u*i n *Q p n *u* n Q (Q € D qc (F„)). 

Proof. Since the functors u*, i n *, Pn*, and it* are all exact, we may assume 
that Q is a quasi-coherent Oy^-module; and since those functors commute with lim 
we may further assume Q coherent, and then refer to (GDI p. 443, (10.14.6)]. □ 

Finally, for general noetherian formal schemes X and y, and J and Y n as above, 
let 3 D 30x be an ideal of definition of X, let X n be the scheme (X, Ox/3" ), and let 
/„ : X n — > Y n be the map induced by /. Then for any T € D qc (A„), it holds that 
R/n*-? 7 G D qc (y„). (See Proposition 15. 2. 61 — though the simpler case T £ D+ (X n ) 
would do for proving Proposition Associated to the natural diagram 



X n Xy1i 



X n 



V 



X 




(7.2.3) 



Y n XyU 



U 
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there is a composed isomorphism 

nr^Rf^T nr^u*i m -Rf m T (t e D qc (x n )) 

Rl^p n *<R/ n *:F (LemmaE221) 

RI{' L p 7 „,Rg m v* T (Lemma l7.2.1|) 

Rl^R5*«*j„*.F (Lemma EHH), 



which — the conscientious reader will verify — is just 
Thus 6j ^ jr is indeed an isomorphism. 

(c) By definition Ri7^(D qc (X)) C D qct (X), and so by (a) and (b) it's enough 
to see, as follows, that the natural map RF^£ ~~ * £ induces isomorphisms of the 
source and target of both i/jg and 6' £ . 

Proposition ^ . 2 . 8f cl gives the isomorphism R<7*RJ^u*RI^£ Rg^Rr^v*£, 
as well as the second of the following isomorphisms, the first and third of which 
follow from Corollary 15 . 2 . 1 If d) : 

R^Rg^Rr^ R#*R/>*R^£ Rg*RE!,v*£ = Rr^Rg^v*£. 

Likewise, there are natural isomorphisms 

RJ^u*R/»Rix£ RI&u*RTy Rf*£ ~ Rl^tt*R/*£. Q 



Notation and assumptions stay as in Proposition E2Ia). Assume that / and g 
satisfy the hypotheses of Theorem 16.11 so that the functor R/» : D qct (X) — > D(^) 
has a right adjoint / t x , and similarly for g. Recall from Corollary I6.1.5f b) that 
there is a natural isomorphism g x RI^[ ,g x . 

Definition 7.3. With conditions as in Proposition l7 . 2f h) . the base-change map 

[3? : RF^ftT -> g y t Rr^u*F {? e D(y)) 

is defined to be the map adjoint to the natural composition 

R#*R2v v*f?F RJftRgtiff*? Rn[u*RfJ t x F -> Rn[u*T 

V s'- 1 

where ip:= ^,x f and 0':= S' x . In particular, if it (hence v) is acfic then 

0r: v*f?T^g(u*T 
is the map adjoint to the natural composition 

Rg*v*f*T u*RM*T - u*^ 

where 0:= fyx^. 

Notation. For a pseudo-proper (hence separated) map / (see ^1.2.2|) . we write f 
instead of / t x . 
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Theorem 7.4. Let X, y and U be noetherian formal schemes, let /: X — * y 
&e a pseudo-proper map, and let u: IX — > y &e /Zai, so £/ia£ m any fiber square 

V — X 

/ 

u ► y 

u 

the formal scheme V is noetherian, g is pseudo -proper, and v is flat (Proposi- 
tion 17. TTien /or a// S D^.(y) := D qc (y) n D + (y) i/ie base-change map (3? is 
an isomorphism 

fa: BJ%v*f l F g l BJ&u*F {= g'u*T). 

Remark. In [Nil p. 233, Example 6.5] Neeman gives an example where / is a finite 
map of ordinary schemes, u is an open immersion, T G D~(y), and fir is not an isomor- 
phism. 

Proof. Recall diagram (|7.2.3|) . in which, 3 and 3 D JCx being defining 
ideals of y and X respectively, Y n is the scheme (y,0y/U n ) and X n is the scheme 
(X, Ox/3")- Let /C D 30 u be a defining ideal of II, let £ := 20 v + JCO v , a defining 
ideal of V, let V n (n > 0) be the scheme (V,O v /C n ), and let l n : V n ^ V be the 
canonical closed immersion. Then by Example 16 . 1 . 3f 4) . 

InJlG = LJiG = R.Ho m (Ov/C n ,G) =: h n (G) (g e D+ t (V)). 

So in view of the natural isomorphism TLF^g u*!- gu*T fProposition l5 . 2HT a % ) ) . 
Lemma 15.4.11 shows it sufficient to prove that the maps 

hniPr) ■ InJnRr^ff -> l n JJu*F (n > 0) 

are all isomorphisms. 

Moreover, the closed immersion l n factors uniquely as 

V n ^X n XyU^> V, 

so we can replace l' n by r n q n (Theorem 16 . If b) ) . Thus it will suffice to prove that 
the maps 

qUfc) ■ qMv*fT - q'Ju*T (n > 0) 

are all isomorphisms. 

In the cube (|7.2.3|l . the front, top, rear, and bottom faces are fiber squares, 
denoted, respectively, by □, D t , D r and D^; and we have the "composed" fiber 
square D c : 

X n Xy 11 — ► X n 

p n g n l=gq n i n f n 

u — — ► y 



= fin 



The proper map f n and the closed immersions i n and j n are all of pseudo-finite 
type. Also, it follows from Proposition l7. lf b) that in addition to u, the maps u, u n , 
v and v n are all flat. So corresponding to the fibre squares □, we have base-change 
maps [3,. 



DUALITY AND FLAT BASE CHANGE ON FORMAL SCHEMES 



79 



Consider the following diagram of functorial maps where, to save space, we set 
A := X n x y U and T:= Y n Xy 11. 



Qn9 u 



R^'<(/in) ! 

/3c 

(Pn5n) ! U* 



9nPn u 



ff„(A> 



As above, we want to see that q' n {(3) is an isomorphism (in the category of functors 
from D,J.(y) to T>(X n xyU)). For that the following assertions clearly suffice: 

(a) The preceding diagram commutes. 

(b) The base-change maps fit and /3b are isomorphisms. 

(c) The base-change map /3 r is an isomorphism. 

Assertion (a) results from part (b) of the transitivity lemma [7.5.21 below . Since i n 
and j n are closed immersions, assertion (b) results from Lemma l7.6.1l which is just 
Theorem 17.41 for the case when / is a closed immersion. Since / is pseudo-proper 
therefore f n is proper, and assertion (c) is essentially the case of Theorem 17.41 — 
established in Lemma 17.7.11 — when X and y are ordinary schemes. 

Thus these three Lemmas will complete the proof of Theorem 17.41 □ 



7.5. We will need some "transitivity" properties of the maps Q' £ and (3r relative 
to horizontal and vertical composition of fiber squares of noctherian formal schemes, 
i.e., diagrams of the form 

V — Vi X 
(7.5.0a) A bi\ \f 

u — — ■+ iii — : — ► y 



(7.5.0b) 



V 



X 



2, 



u 



where all squares are fiber squares, and the maps u, Ui, v, Vi, and w are all flat. 

As we will be dealing with several fiber squares simultaneously we will indicate 
the square with which, for instance, the map 8g in Proposition 17.21 is associated, 
by writing 6f jU (Q) instead. 

The transitivity properties begin with: 



so 
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Lemma 7.5.1. Coming out of the fiber square diagrams (|7.5.0a|) and (|7.5.0bJ) . 

the following natural diagrams commute for all Q £ D(X) : 

6f tUU (Q) 

(miu 2 )*R/*C/ — ► Hg*{viv 2 )*G 



u%u 1 ''R.f*G * u 2^-9i* v *S ► Rg^vlQ 



u*R(/i/ 2 )*S 



.(6) 



R(ffi52)*w*^ 



R 9i»R9 2 * w *5 



Proof. This is a formal exercise, based on adjointness of u* and Ru t , etc. 
Details are left to the reader. □ 



Lemma 7.5.2. (a) In the fiber square diagram (|7.5.0a|l {with ux, i>x, u 2 and v 2 
flat), let T e D(V) 6e sucft tftcrf the maps 6[:= 0£ (/ t x .F), 6' 2 := ^^((ffi)?"*^ 7 ) 
and (9 2 := 0^ U2 (RJy i u*/ t x J r ) of Proposition are isomorphisms. Then the map 
9' := Q'j u u {ft J~) * s arl isomorphism, so the base-change maps (3\ := f3f_ Ul {J-'), 
/3 2 := g ,u (u*^ 7 ) and /?:= /3/,« 1 « 2 (^ r ) can a/Z 6e defined as in Definition 17.31 and 
f/ie following natural diagram, all of whose uparrows are isomorphisms, commutes: 



B.r'{ Vl v 2 yf t xf 



Ri>* v */t x ^ 



Rr>*( ffl )^^ 
Rr> 2 *( 9l ) x Rr^^ 



5t x Rr^( UlU2 )*^ 

Ig.iUl c) J~ 



(b) in the fiber square diagram l|7.5.0b(l — where u, v and w are assumed flat — 
set f :— /i/ 2 and g:= gi<? 2 . Let T G D(^) be such that the maps 9[ := 9'^ „((A)t 
9' 2 := 9'^ w {f^F) and 9':= 9'^ u {f*J-) of Proposition f7"2"l are isomorphisms, so that 

the base-change maps fli := (3f ltU {!F), /3 2 := Pf 2 ,w((fx)t F) an d P '■— l3f,u{F) are 
all defined. Then the following diagram, whose two uparrows are isomorphisms, 
commutes: 



R/>*(/ 2 ) x (A) x .f 



{g^RT^w^T 



(5 2 )t X (/3i) 



<? x Ri>*.F 



( 52 ) t x ( ffl ) t x R^ u ^ 
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Proof, (a) The map 

7:= Rr^K^/^JT)): RJ>KR/*/t X ^ — BTMRg^vlf*? 
is isomorphic, by Proposition 15 . 2 .8f cl . to 

R#«2(0[): Ri^RI^R/*/^ — > R^Rl^R^*/^, 
and so is an isomorphism (since is). 



The map 



is also an isomorphism, as it is isomorphic to 

R^ W *R ffu R^ iVl 7 t x JF R^R^Ri^*/*^, 

because the natural map R/J^Rg^R-fy v*f^!F — ► RI^i^R^y*/*-^ i s tne com- 
posed isomorphism 



RZT^B^BJ^t;?/*^ ~ , R^Ri^R^*/*^ 



15. 2. 81 c) 



(see Proposition 0»); and because R^R^^R!^/^^ -> Ri^R^^wJ/^J 7 
is one of the maps in the commutative diagram (B) below, all of whose other maps 
are isomorphisms. 

Thus in the next diagram, whose commutativity results easily from that of the 
first diagram in Lemma l7.5.1l all the maps other than 9' are isomorphisms, whence 
so is 8' . 

*' x ^ — R^u3«IR/,/ t x ^ 



RZ2B^.(«i«a)*/t ^ 



(A) 



Now it suffices to show that the diagram which is adjoint to the diagram in (a) 
without its southeast (bottom right) corner, commutes. That adjoint diagram is the 
outer border of the following one, where, to reduce clutter, we omit all occurrences 
of the symbols R and T 1 write / x for / t x , etc., and leave some obvious maps 
unlabeled: 



c) 

01 



] 

(B) r^vivtr 

1 



(A) 



... V V l9\ u \ 



01 



/if * X * 

u g*v 2 g 1 u x 



^U u 2 u l/*/ X 

V 

1 

0i 

/if * X * 



(C) 



V ------ 

It suffices then that each one of the subrectangles commute 



Iu u 2 u i 
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For the three unlabeled subrectangles commutativity is clear. 

As before, commutativity of subrectangle (A) follows from that of the first 
diagram in Lemma 17.5.11 

Commutativity of (B) is easily checked after composition with the natural map 
I^g*(viv 2 )*f x — > g*(viv 2 )*f x . (See the characterization of -0 in Proposition[^fa).) 

Commutativity of (C) results from that of the following diagram: 



«*/♦/> 



(D) | 

(E) 



9i*9iu\ ► u* 

Here subrectangle (D) commutes by the characterization of ip in Proposition[^Ia): 
and (E) commutes by the very definition of the base-change map Pi . 

(b) As in (a), we consider the adjoint diagram, essentially the outer border of 
the following diagram (17.5.21 1). 

(Note: The map V>: 9u^w* f 2 J 2 x f x -> r^g u w*f 2 J x f x in the middle of 

diagram ES2H is defined because f 2 J 2 x f x := R/ 2 *(/ 2 ) t x (A) t x ^ € D qc (Z), by 
Proposition 15.2.61 ) 

For diagram l7.5.2l l. commutativity of subrectangle (B) (resp. (D)) is given by 
the definition of /3 2 (resp. (3\.) Commutativity of (C) follows from that of the second 
diagram in Lemma 17.5.11 Commutativity of (A) is left as an exercise. (It is helpful 
to compose with the natural map r i j L 9\*92* v * f-i fi .9i*ff 2 * w */ 2 X A X anc ^ to use the 
characterization of ip in Proposition 17. 2f a).) The rest is straightforward. □ 



via f} 2 



mg^g 2 ,v*f2 X fi x 



(B) 



Si^A^AX 

9iA 2 ,v*f x f x 
(A) -j^,^- 1 ) 
9i^w*f 2 ,f x f x 



r u9i*wf 2 J2fi — ► r U 9i*w A 



Kg*v*f> 



^u<f*A 



9i*g2*92 r w w A 



gi*r4gw*f x 



<?i*^>7 x 



(c) mu*f u f 2 J 2 x f x — + r^/uA* ( D ) 



Si. (00 



X 7-1/ * 



C32U) 
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7.6. This subsection, proving Lemma 17.6.11 is independent of the preceding 



one. 



Lemma 7.6.1. Theorem 17.41 holds when f is a closed immersion. 



Proof. The natural isomorphisms R2^V/'RI7,'.F Rr^v*f\F and 



(see Corollarv l6 1 1 . bi b) ) let us replace T by RI^!F, i.e., we may assume T £ D+ t (y). 

Recall from Example l6~OT 4) that R/» = /«, : D(X) ->• D(V) has a right ad- 
joint /- such that / t, (D^ ct (y)) C Di.(X); and that there is a natural isomorphism 

Je x : Tiring i'/He = /'a e D+ (y)). 

The canonical map f*f — > 1 is the natural composition 

fj -^ /.Rl£/l ->/./*-► 1. 

Similar remarks hold for 3 — also a closed immersion [GDj p. 442, (10.14.5) (ii)]. 

As in the proof of Lemma 17.2.21 the map 6g : u*f*£ g*v*£ of Proposi- 
tion is an isomorphism for all £ £ D qct (X). (Recall Lemma 13.1.51 ) This being 
so, the base-change map (3p is easily seen to factor naturally as 

Riv u J -F —> g g*RT v v f J 7 -> g g*v f J 7 — ► gu T ^ gu T. 

Also, we can define the functorial map /3g to be the natural composition 
w7"C ff^^'/HC g*u*f*f*C -> <?Vc (C e D qc (y)). 

The maps /3^r and /3?r are related by commutativity of the following diagram, 
in which 3 is an ideal of definition of y (so that 30% is an ideal of definition of X) : 

R.r v V0' x ) 

Ri>*/ ! ► <?V 

(For the unlabeled isomorphism, see the beginning of the proof of Proposition l7.2l ) 
Since Ri^ is right-adjoint to the inclusion D qc t(V) <^-> D(V) fProposition l5.2.Hl . we 
can verify this commutativity after composing with g u* RF^g^u* — » .g^u*, at 
which point the verification is straightforward. 

Thus to prove Lemma l7.6.1l we need only show that is an isomorphism, i.e. 
(since g is a closed immersion), that <?*(/3jr) is an isomorphism. 

For that purpose, consider the unique functorial map 

a = a(£,g): u*-RHomr i (£,g)^Rno m ' u (u*£,u*g) (£ G D~(y), g G D + (y)) 

which for bounded-below injective complexes C? is the natural composition 

u*RHom^{£,g) = u*Hoto^(£,^) -> Horriu{u*£,u*Q) -> RHom^(u*£, tt*£). 

This map is an isomorphism. Indeed, it commutes with localization, so we need 
only check for affine V, and then, since every coherent Oy -module is a homomor- 
phic image of a finite-rank free one ( GD , p. 427, (10.10.2)]), a standard way-out 
argument reduces the problem to the trivial case £ = Oy . 
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Take £ :— f*Ox — (say) Oy ft. The source and target of <r(Oy ft, T) are 

u*miom % {Oyft,F) = uffT S ff.©*/^, 

RHom'(u*(Oyft), u*^) = g*gK*T. 

Let K be a K-injective Ou-complex quasi-isomorphic to u*T. Since the com- 
plexes u*Hom'{Oyft, T) and Hom^^Oy ft, K) = RHoTO^(u*Oy/a, u*^) are 
both annihilated by 30u, we see that the isomorphism o~(Oyft, T) is isomorphic 
to a map of the form <?*(<?) where <;: v*f*T — > g^u*T is a map in D(V). It suffices 
then to show that ? = /3^r, i.e. (by definition of p%), that the natural composition 

u*f^T g*v*f^T g^u*T u*T 

is induced by the natural map 

Tjr : f.j*F = KHom'{Oyft, T) -> RHom'(Oy , T) = T. 

From Example I6.1.3f 4) one sees, for injective J 7 , that rjr takes any homomor- 
phism tp: Oyft — > over an open subset of y to <£>(1); and similarly for T^r. The 
conclusion follows from the above definition of a(Oy ft, T) = <7*(?)- □ 

7.7. In this subsection we prove Theorem 17.41 in case /: X — > y is a proper 
map of ordinary noetherian schemes, by reduction to the case where X, y, II and V 
are all ordinary schemes — a case which we take for granted (see the introductory 
remarks for section [JJ. Of course when u is adic then U is already an ordinary 
scheme, and no reduction is needed at all. 

Lemma 7.7.1. Let f: X — > y be a proper map of ordinary noetherian schemes. 
For Theorem 17.41 to hold with this f it suffices that it hold whenever XL and V are 
ordinary schemes as well. 

Proof. Without yet assuming that X and ^ are ordinary schemes, we can 
reduce Theorem 17.41 to the special case where the formal scheme li is affine and 
u(U) is contained in an affine open subset of y. Indeed, for the base-change map 
{3f = Pf, u (!F) of Theorem l7.4l to be an isomorphism, it clearly suffices that for any 
composition of fiber squares 

V — V — !!— > X 
9 °l 9 [ [ f 



with Mo the inclusion of an affine open Ho C 11 such that tt(Uo) is contained in an 
affine open subset of y , the map 

v*(/3r) : v*Rr4v*fT -> v*g'-u*T 

be an isomorphism. Remark l5~2~Tfl 6) yields that T € D^ c (y) =>■ u*^ 7 e 5+ (IX). 
So if we assume the above-specified special case, then (3f. UUQ {J-) and f3 g ^ Uo (u*T) are 
both isomorphisms. From Proposition 15 . 2 . lT al we have a natural isomorphism 

v*(fc) = RrJ o v*(l3 f - u (F)), 

so Lemma 17.5.2( a) shows that Vq(/3f) is in fact an isomorphism. 
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With reference to the remarks just preceding Section 1731 (a) and (b) having 
already been proved, only (c) remains, i.e., we need only prove Theorem l7.4l for the 
rear face of diagram l|7.2.3|) . 

In other words, with the notation of diagram (|7.2.3|l , we may assume in proving 
Theorem 17.41 that / = f n (a proper map of ordinary schemes), and that u = u n . 
Moreover Y n is a closed subscheme of V, and so if II is affine and u(U) is contained 
in an affine open subset of y, then Y n Xy II is afhne and u n (Y n Xy It) is contained 
in an affine open subset of Y n . It follows that Y n Xy II is the completion of an 
ordinary afhnc y„-scheme. (That can be seen via the one-one correspondence from 
maps between affine formal schemes to continuous homomorphisms between their 
associated rings [GDI p. 407, (10.4.6)]). Theorem 17.41 is thus reduced to the case 
depicted in the following diagram, where / : X — * ^ is now a proper map of ordinary 
noetherian schemes, U is an ordinary affine ^-scheme, k: U — ► U is a completion 
map, and u: II — » y factors as shown. 



X x y U > XxyU 

u ► u 



X 

I' 



We will show that Theorem 17.41 holds for subdiagram (1) by identifying the 
base-change map associated to k with the isomorphism £ in Corollary 16.1.81 As 
subdiagram (2) is a fiber square of ordinary schemes, Lemma 17.7.11 will then result 
from the preceding reduction and the transitivity Lcmma l7. 5.2( a). 

It is convenient to re-represent subdiagram (1) in the notation of Corollarv l6 .1.81 
Consider then a diagram 



X:= X 



/z 



/w 



X 



fo 



Y 



as in Corollary 16. 1.61 with Z = f 1 W. That C is the base-change map means that 
£ is adjoint to the natural composition 



R-KjKtj 



But by definition, £ is adjoint to the natural composition 

R f*RFrK%- fn R/*KxR/^/ X > R/*KxRi^/ X Ky.Ky 

15.2.41 c) 

with t[ as in Corollary 16. 1.61 — so that t[(k^) factors naturally as 
R/* ftjR r z / X Ky , Ky | ^-^ | R/o*R-^z icf K y * K y 



LEOVIGILDO ALONSO, ANA JEREMIAS, AND JOSEPH LIPMAN 



It will suffice then to verify that the following natural diagram commutes (where, 
again, we omit all occurrences of R) : 



f*^x K xfo 

f*K%r z f 

[ 



I5T7I 



Iyf* K xfo 

(A) 
K yfo*^zfo 

K 



, l , 

K yfo*fo 

I 

* £ £ X * 

K \)Jo*Jo K y* K y 



Given that tu = 1, the verification of commutativity is straightforward, except for 
subrectangle (A). 

Now there is a functorial isomorphism a : R/o*R-T^ RJ^R/o* which arises 
in the obvious way, via "K- flabby" resolutions, from the equality fo*T z = r w f$* 
(see the last paragraph in the Remark following (3.2.5) in |A.TLI p. 25]), and 
whose composition with the natural map R/JyR/o* — * R/o* is the natural map 
R/o*R^2 — > R/o*- And, again, we have the isomorphism Ri^'/t^ KyRJj^ of 
ProDOsition l5.2.4T c'). whose composition with the natural map K^Tir w — > nZ is the 



natural map Rii'/t 



Hence commutativity of (A) follows from that of the 



outer border — consisting entirely of isomorphisms — of the following diagram: 



f*^x K x 



p 



If 



yJ* K x 



15. 2. 41c) 




f*K%r z 



15.2.71 



K M fo* 



15.2.41 c 



Since R/^' is right-adjoint to the inclusion D t (^) D(y) (Proposition 15 . 2 . T|l . 
we can check commutativity after composing the outer border with the natural map 
Rlyf^K^r — > f*Kxi so that it suffices to check commutativity of all the subdiagrams 
of the preceding one. This is easy to do, as, with £ := JqF, the maps denoted 
by % (= %,,«(£)) in Corollary 15 . 2 . 71 and in Proposition ^. 21 are the same. 

This completes the proof of Lemma r7.7.1l and of Theorem 17.41 □ 

8. Consequences of the flat base change isomorphism. 

We begin with a flat-base-change theorem for the functor /* = Ax/ ! associated 
to a pseudo-proper map /: X — > Y of noetherian formal schemes. (As before, 
f := / t x , and /* is right-adjoint to the functor R/*R/^: D qc (X) — > D(y), where 
Dq C (X) is the (full) A-subcategory of D(X) such that 

T G D qc (X) Kr x T G D qct (X), 

see Corollary 16 .1.41 ) 

We deduce a sheafified version Theorem 18.21 of Theorem [21 of the Introduction 
(= Theorem 16.11 + Corollary ltj.l.4|) . This is readily seen equivalent to the case of 
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flat base change where u : U — > ^ is an open immersion; in other words, it expresses 
the local nature, over y, of /■ and /*. 

Section l%31 establishes the local nature of f' and /* over X. From this we obtain 
that /*(D+00) C D+(X) (Proposition ES) - This leads further to an improved 
base-change theorem for bounded-below complexes with coherent homology, and to 
Theorem 18.41 a duality theorem for such complexes under proper maps. 

We consider as in Theorem 17.41 a fiber square of noetherian formal schemes 



V 



u 



X 



VI 



with / and g pseudo-proper, u and v flat. 

For any T £ D c J c (y) we have the composed isomorphism 

v He) v XJ EEUa) v O 

In particular, v*f*T € D qc (V). 

Theorem 8.1. Under the preceding conditions, let 

f3*r:v*f*T^g*u*T (jr G D+(y)) 
be the map adjoint to the natural composition 
(8.1.1) R^R-f^V/*^ ^ R.g*g l u*F -> w*^. 



T/ien the map Av(/3£) is an isomorphism 

AvG££): A v v*f*T A v g*u*T 



16.1.51 8 



5 U 



Moreover, if u is an open immersion then (3p itself is an isomorphism. 

Proof. The map (3* factors naturally as 
(8.1.2) v*f* - A v u7 # A v Ri>7 # A v g l u* = g*u*. 

B e) A v i? 

To see this, one needs to check that (|8. 1.2(1 is adjoint to i|8.1.1|) . The natural map 
1 — * Av factors naturally as 1 — > AvR^ — * (easy check), and hence the 
adjointness in question amounts to the readily-verified commutativity of the outer 
border of the following diagram (with all occurrences of R left out): 



<?^A v />7* 



j^A v v*f 



g*rjv*f* 



g^A v r^v*f* 



via i9 



via $ 



9*9 u 



g*r^,A v g l u* 



That Av is an isomorphism results then from the idempotence of Av 
(Remark Eg b)). 

When u — hence v — is an open immersion, we have isomorphisms (the first of 
which is obvious): 

A v t>7 # v*A x f*_^ v*f, 



and the last assertion follows. 



□ 
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Next comes the sheafification of Theorem |21 Let /: X — > V be a map of locally 
noetherian formal schemes. For Q and £ € D(X) we have natural compositions 

R/*RWom x (0,£) -» R/*RWom x (L/*R/*£,£) — — — ► RWom?,(R/*0, R/*£) 

|Sp| p. 147, 6.7] 



and 



RHom^f) - R?W X (R^,£) RWoro&R^, RI#) 



Theorem 8.2. Let X and V oe noetherian formal schemes and let f : X — * ^ &e 
a pseudo-proper map. Then the following natural compositions are isomorphisms: 

6*: TLf*RHom' x (g, f*T) -* RHom* (R/«Ri£0, R/*Ri^/*JT) 

R«om$(R£R#0, :F) (S? e D qc (X), ^ e D+(y)); 

£ ! : R/*RWom x (a, / ! ^) -» RHom* (R/*£, Hf*f\F) -» RHom^R/*^ .F) 

(0 € D qct (X), ^ € D+ (y)). 

Proof. The map <5 # is an isomorphism iff the same is true of Rr(U, <5 # ) for 
all open 11 C y. (For if £ — which may be assumed K-injective — is the vertex of 
a triangle based on S*, then <5 # is an isomorphism 4^ £ = ^ H l {£) = for 
all i e Z ^ the sheaf associated to the presheaf U i-> HT(U,£) = H i Rr(U,£) 
vanishes for all i.) Set V := / _1 U., and let u: U y and u: V X be the 
respective inclusions. We have then the fiber square 

V — ^— > X 

/ 

and need only verify that RrCU, <5 # ) is the composition of the following sequence of 
isomorphisms: 

Rr(U, R/*RWom x (£, f*T)) RT(V, RWom x (0, f*T)) [Sp] 6.4, 6.7, 5.15] 

RHomv(w*e,«7 # ^) [5pl 5.14, 5.12,6.41 

RHom^v'g^Vf) (TheoremEIJ 

^> RHomu(R 5 »Ri>*£, u* J~*) WTTMh:Lim \\ 
RHom^(Rg*u*Ri^-^, u* JF) (elementary) 
RHom^(ii*R/ >f R/^5, u* JF) (elementary) 

-^4 Rr(U, R7iom* (R/* R^r Q, -F)) (as above). 

This somewhat tedious verification is left to the reader (who may e.g., refer to the 
proof of (4.3)° =>■ (4.2) near the end of [E5]). 

That S ] is an isomorphism can be shown similarly — or be deduced via the 
natural map f ~ Rl£/ # -> /* (Corollary EES), which for Q e D qct (X) induces 
an isomorphism TVHom x (G, / ! -F) HHom x (Q, f*T) fCorollarv lS. 2.3(1 . □ 
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8.3. For pseudo-proper /: X — ► y, the functors /' := / t x and /* are local on X, 
in the following sense. 

Proposition 8.3.1. Let there be given a commutative diagram 

It 11 > X x 
h 



x 2 > y 

o/ noetherian formal schemes, with fa and fa pseudo -proper and i% and i 2 open 
immersions. Then there are functorial isomorphisms 

H/i * ^2/2? y ^2/2- 

Proof. The second isomorphism results from the first, since for any T € D(V) 
and for j = 1,2, 

= R7iom* u (Rr l 10 lx , i */j^). 

For the first isomorphism, Verdier's proof of [V] p. 395, Corollary 1] — a special 
case of Proposition 18.3. ll — applies verbatim, modulo the following extensions (a), 
(b) and (c) of some elementary properties of schemes to formal schemes. 

(a) Since pseudo-proper maps are separated, the graph of ij is a closed immer- 
sion 7 : IX <— > XjXyll (see |GD1 p. 445, (10.15.4)], where the "finite-type" hypothesis 
is used only to ensure that Xj Xy li is locally noetherian, a condition which holds 
here by the first paragraph in Section[7] And if IX — > y is an open immersion, then 
so is 7 (since then both ttj : Xj Xy U — > X-,- and ij = 7^7 are open immersions). 

(b) If s : IX — > V is an open and closed immersion, then the exact functors s* 
and s* are adjoint, and by Example 16 . 1 . 3f 4) there is a functorial isomorphism 

s ] T^s^=s*T (J£D qct (V)). 

(c) (Formal extension of [£TD1 p. 325, (6.10.6)].) Let It <^> W ^ Z be maps 
of locally noetherian formal schemes such that 7 is a closed immersion and w is 
an open immersion. (We are interested specifically in the case W:= X 2 Xy IX and 
Z := X 2 Xy Xi, see (a).) Set u := wy. Then the closure 11 of u(VL) is a formal 
subscheme of Z, and the map IX — > IX induced by u is an open immersion. 

Indeed, IX is the support of Oz/3 where 3 is the kernel of the natural map 
O z -> u r O u \ and it follows from [GDI p. 441, (10.14.1)] that we need only show 
that 3 is coherent. The question being local, we may assume that Z is affine, say 
Z = Spf(A). Cover IX by a finite number of affine open subschemes IX^ (1 < i < n), 
with inclusions Ui : Hi c — > IX. Then there is a natural injection 

u*O u ^ u*(0"=i u„0 Ui ) = ®i= 1 (uUi)„Ou i , 

so that 3 is the intersection of the kernels of the natural maps Oz —* (uv,i)*Oui, 
giving us a reduction to the case where IX itself is affine, say IX = Spf(B). Now if I 
is the kernel of the ring-homomorphism p: A — > B corresponding to u, then for any 
/ € A the kernel of the induced map pyy : ^4{/} — * is an d one deduces 
that 3 is the coherent O z -module denoted by I A in |UD1 p. 427, (10.10.2)]. □ 
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Proposition 8.3.2. If f : X — * y is a pseudo-proper map of noetherian formal 
schemes then 

/ # (D+(y))cD+(X). 

Proof. Since /* commutes with open base change (Theorem I8.1|) we may 
assume y to be afhne, say y = Spf (A). Since / is of pseudo-finite type, every point 
of X has an open neighborhood 11 such that f\u factors as 

U A Spf (B) -£» Spf (A) = y 

where B is the completion of a polynomial ring P:= A[T , Ti, . . . , T n ] with respect 
to an ideal / whose intersection with A is open, i is a closed immersion, and 
p corresponds to the obvious continuous ring homomorphism A — > B (see footnote 
in Section [j.2.2| l. This Spf(-B) is an open subscheme of the completion 7 of the 
projective space along the closure of its subscheme Spec(P/J). Thus by Propo- 
sition lHT3.1l and item (c) in its proof, we can replace X by a closed formal subscheme 
of 7 having U as an open subscheme. In other words, we may assume that / factors 

as X ^ CP Spf (A) = y with ix a closed immersion and p\ the natural map. 
Then /* = i\p\, and we need only consider the two cases (a) f = pi and (b) f = it- 
Case (a) is given by Corollary 16.2.31 In case (b) we see as in example 16.1. 3f 4l 
that for T € D+(y) we have f^T e D+(X) and 

fT = AxR^/^ E ^ 1 A x /^™/^ € D+(X). D 

or 15 .2 .31 

Corollary 8.3.3. For all T e D+(y) the base-change map /3£ of Theorem |8~T1 
is an isomorphism 

: v*fT g t u *T. 
PROOF. Proposition 16. 2. II gives an isomorphism v*f*T Avv*f # T . □ 

We have now the following duality theorem for proper maps and bounded-below 
complexes with coherent homology. 

Theorem 8.4. Let f: X — > y 6e a proper map of noetherian formal schemes, 
so t hat R /,(D+(%)) c D+(y) and /*(D+Q0) c D+(X) {see Propositions EES 
and l8.3.2*| . Then for Q G D+(X) and T £ D+(y) i/iere are functorial isomorphisms 

R/*RWoto" (Q, f*T) Rftom*(R/*RI^a, .F) 

Enid) v a y imi v ' ' 

In particular, f* : D+QJ) -► D+(X) is right-adjoint to R/*: D+(X) -> D+(y). 
J/ X is properly algebraic we can replace f* by the functor f x of Corollaru \^.\.\\ 
Proof Left to reader. (For the last assertion see Corollaries 16 . 2 . 21 and 13 . 3 . 41 ) 
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